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The e+ e- colliders LEP and SLC have opened a new era of precision experiments. 
The determination of the Z resonance parameters with high accuracy by the four 
LEP experiments [I], together with the measurement of the W mass at pp collid­
ers [2] and with the data from neutrino scattering experiments [3] allow precision 
tests of the electroweak theory never reached before [4]. The present theory of the 
electroweak interaction, known as the "Standard Model", is the Glashow-Salam­
Weinberg model [5] of leptons, extended via the GIM mechanism [6] to the hadronic 
sector thus incorporating the idea of Cabibbo mixing [7], and made anomaly free 
through the introduction of the concept of color [8]. As such it is the most com­
prehensive description of the electroweak phenomena being theoretically consistent 
and in extraordinary agreement with the experimental data [4]. 

The possibility of performing precision tests of the electroweak Standard 
Model is essentially based on its formulation in terms of a quantum field theory 
with spontaneous symmetry breaking which is renormalizable [9] and thus allows 
perturbative calculations for measureable quantities order by order in terms of a 
few input parameters. The input parameters themselves cannnot be predicted but 
have to be taken from appropriate experiments. Comparison of the theoretical 
predictions with the results from precision experiments has confirmed the validity of 
the Standard Model as a fully fledged quantum field theory, in complete analogy to 
what has been done for QED. Signals giving need for some significant modifications 
have not yet been observed. 

The still inherent uncertainties in the predictions are related to the as yet 
unknown mass parameters of the top quark and the Higgs boson. The experimental 
lower bound for the top mass has improved from 91 GeV [10] to 103 GeV (DO) and 
108 GeV (CDF) at 95% C.L. [11], and the existence of a standard Higgs boson can be 
excluded in the mass range below 60 GeV [4]. According to the principles of quan­
tum field theory, the virtual presence of all physical states in the spectrum shows 
up in higher order calculations. As a consequence, the experimentally unobserved 
particles top and Higgs affect the theoretical predictions for the various physical 
quantities in a calculable way. The same ideas apply, in principle, to all kinds of 
objects connected with structures beyond the "minimal" standard model (like more 
Higgs fields, supersymmetric partners, new vector bosons, ... ) which are too heavy 
for being observed directly in the experimental search. The higher order contri­
butions hence simultaneously represent an important window to "new physics", in 
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particular to those situations where the decoupling theorem [12] does not hold au­
tomatically. One may also consider modifications of the tree level Lagrangian with 
the interesting possibility of small zeroth order deviations which mimic or cancel 
the effect of radiative corrections. Since deviations from the Standard Model pre­
dictions have not been observed, possible theoretically motivated extensions of the 
minimal model are subject to significant constraints. 

The higher order terms in the perturbative expansion of physical quantities, 
or radiative corrections, arise from the quantum structure of the underlying theory. 
Higher order effects related to the presence of the Higgs particle, the top quark, as 
well as to the self interaction of the gauge fields represent the "genuine" radiative 
corrections of the electroweak theory. Their typical size in observable quantities 
is expected to be 8w ~ 0(10-2 ). Their observation requires therefore that the 
theoretical uncertainties are not bigger than 0.1 %. This requires to go beyond 
the one-loop approximation and to include at least the leading contributions from 
the next order. Also the QED corrections, common to any theory containing the 
electromagnetic U(1) subgroup, have to be treated carefully and have to be clearly 
disentangled from the genuine weak corrections in the theoretical predictions and 
in the analysis of the experiments. 

The electroweak Standard Model contains, besides fermion masses, quark 
mixing angles, and the mass of the Higgs scalar, three free parameters in the gauge 
sector. In order to make predictions for processes mediated by the exchange of gauge 
bosons, three independent experimental input data are required for fixing the SU(2) 
and U(l) gauge coupling constants g2 , 9t, and the vacuum expectation value v of the 
Higgs field. It is, however, more practical to deal with parameters such that each of 
them has a direct relation to a specific experiment and is a well measured quantity. 
The most accurate set of data points consists of the electromagnetic fine structure 
constant [13] a= 137.0359895(6)-1 , the Fermi constant [13] G, = 1.16639(2) . 10-5 

GeV-2
, and the mass of the Z boson Mz = 91.187±0.007 GeV [1]. The masses of the 

Higgs boson and the top quark enter the higher order calculations as additional free 
parameters unless a direct experimental determination of their values is available. 
Since also the strong interaction is present in the higher order contributions to 
electroweak quantities, the strong coupling constant a 8 is a further independent 
input parameter. 

The calculation of radiative corrections is a lenghty and involved task. Before 
predictions can be made, a careful discussion of regularization and renormalization 
is required, together with the extensive use of techniques for the evaluation of loop 
diagrams. It is the purpose of this presentation to give a comprehensive descrip­
tion of the basic entries and concepts for the calculation of electroweak observables 
beyond the lowest order and to provide the reqired expressions for practical cal­
culations, with special emphasis on the vector boson masses and e+ e- processes. 
To begin with, we briefly recall the basic Lagrangian of the electroweak Standard 
Model and its parametrizations, as the starting point for perturbative calculations 
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(section 2). 

Section 3 is concerned with the concept of renormalization and with a de­
tailed discussion of the renormalization in the on-shell scheme which treats the 
particle masses together with a as the basic parameters in the perturbation ex­
pansion. The results can be considered as the building blocks to be used for the 
computation of amplitudes for electroweak processes at the 1-loop level. Technical 
details for the evaluation of electroweak 1-loop diagrams are collected in section 4. 

In section 5 we provide the explicit 1-loop results for the Standard Model self 
energies of fermions and gauge bosons. This completes the 1-loop renormalization 
and allows us to discuss the impact of parameter renormalization on the correlation 
between the various electroweak quantities. The detailed interdependence of the 
electroweak parameters in terms of the Fermi constant is presented in section 6. 
It enables us to predict the Mw-Mz correlation and to perform comparisons with 
existing data thereby setting bounds to the range of the unknown top and Higgs 
masses. The necessity of including higher than 1-loop order terms is discussed, 
together with the description of how the 1-loop results have to be modified in 
order to incorporate all the next order terms available from existing calculations. 
This is accompanied by a discussion of the remaining uncertainties in theoretical 
predictions. 

Section 7 contains a review of other renormalization schemes. In particular 
we describe the M S renormalization scheme in some more detail and give the rela­
tion between the MS and the on-shell parameters, together with numerical results. 
The last section 8 is devoted to renormalizable extensions of the minimal model. 

Applications to e+ e- processes are considered separately in the subsequent 
extra chapter. 

2 The tree level Lagrangian 

2.1 The clas.ical Lagrangian 

The phenomenological basis for the formulation of the Standard Model is given by 
the following empirical facts: 

• The SU(2)xU(1) family structure of the fermions: 
The fermions appear as families with left-handed doublets and right-handed 
singlets: 

They can be characterized by the quantum numbers of the weak isospin I, !,, 
and the weak hypercharge Y. 
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• The Gel!-Mann-Nishijima relation: 
Between the quantum numbers classifying the fermions with respect to the 
group SU(2)xU(l) and their electric charges Q the relation 

y 
Q = h + 2 (1) 

is valid. 

• The existence of vector bosons: 
There are 4 vector bosons as carriers of the electroweak force 

,, w+ , w- , z 
where the photon is massless and thew±, Z have masses Mw # 0, Mz # 0. 

This empirical structure can be embedded in a gauge invariant field theory of the 
unified electromagnetic and weak interactions by interpreting SU(2)xU(l) as the 
group of gauge transformations under which the Lagrangian is invariant. This full 
symmetry has to be broken by the Higgs mechanism down to the electromagnetic 
gauge symmetry; otherwise the w±, Z bosons would also be massless. The minimal 
formulation, the Standard Model, requires a single scalar field (Higgs field) which 
is a doublet under SU(2). 

According to the general principles of constructing a gauge invariant field 
theory with spontaneous symmetry breaking, the gauge, Higgs, and fermion parts 
of the electroweak Lagrangian 

(2) 

are specified in the following way: 

Gauge fields 
SU(2)xU(l) is a non-Abelian group which is generated by the isospin operators 
! 1 , / 2 , ! 3 and the hypercharge Y (the elements of the corresponding Lie algebra). 
Each of these generalized charges is associated with a vector field: a triplet of vector 
fields W~·2 •3 with / 1 ,2,3 and a singlet field B~ withY. The isotriplet w:, a= 1, 2, 3, 
and the isosinglet B ~ lead to the field strength tensors 

B~v = fJ~Bv - OvBw (3) 

92 denotes the non-Abelian SU(2) gauge coupling constant and 91 the Abelian U(l) 
coupling. From the field tensors (3) the pure gauge field Lagrangian 

£ = - ~ W" w~"·" - ~ B B~" 
G 4~" 4"" (4) 
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is formed according to the rules for the non-Abelian case. 

Fermion fields and fermion-gauge interaction 
The left-handed fermion fields of each lepton and quark family (colour index is 
suppressed) 

,Pf = ( .Pt+ ) .;;,_ 
with family index j are grouped into SU(2) doublets with component index u = ±, 
and the right-handed fields into singlets 

,Pf = ,;;~. 

Each left- and right-handed multiplet is an eigenstate of the weak hypercharge Y 
such that the relation (1) is fulfilled. The covariant derivative 

D a . IW" . YB 
p. = p. - Z 92 a p. + Z 91 2 p. (5) 

induces the fermion-gauge field interaction via the minimal substitution rule: 

(6) 
j j,a 

Higgs field, Higgs - gauge field and Yukawa interaction 
For spontaneous breaking of the SU(2)xU(1) symmetry leaving the electromag­
netic gauge subgroup U(1)em unbroken, a single complex scalar doublet field with 
hypercharge Y = 1 

is coupled to the gauge fields 

with the covariant derivative 

D, =a,- i 9d.w; + i~ B,. 

The Higgs field self-interaction 

V(~) = -p? ~+~ + ~ (~+~)2 
4 

(7) 

(8) 

(9) 

is constructed in such a way that it has a non-vanishing vacuum expectation value 
v, related to the coefficients of the potential V by 

(10) 
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The field (7) can be written in the following way: 

il> x = ( q,+(x) . ) 
( ) (v + H(x) + ix(x))/V2 

(11) 

where the components q,+, H, X now have vacuum expectation values zero. Ex­
ploiting the invariance of the Lagrangian one notices that the components q,+, X 
can be gauged away which means that they are unphysical (Higgs ghosts or would­
be Goldstone bosons ). In this particular gauge, the unitary gauge, the Higgs field 
has the simple form 

<P(x)- ~ ( 0 ) - y'2 v+H(x) · 

The real part of ¢0
, H(x), describes physical neutral scalar particles with mass 

(12) 

The Higgs field components have triple and quartic self couplings following from V, 
and couplings to the gauge fields via the kinetic term of Eq. ( 8). 

In addition, Yukawa couplings to fermions are introduced in order to make 
the charged fermions massive. The Yukawa term is conveniently expressed in the 
doublet field components (7). We write it down for one family of leptons and quarks: 

£Yukawa 
+ - - 0 - 0 

- -91 (lh ¢> ln + ln q,- VL + lL ¢> ln + ln ¢> * lL) 
+ - - 0 - 0 

= - 9d ('ih ¢> dn + dn q,- uL + dL ¢> dn + dn ¢> * dL) 

- 9u (un q,+ dL + (h q,- un + 'fin ¢>0 uL + uL ¢>0* un) . (13) 

q,- denotes the adjoint of q,+. 
By v # 0 fermion mass terms are induced. The Yukawa coupling constants 9l,d,u are 
related to the masses of the charged fermions by Eq. (23). In the unitary gauge the 
Yukawa Lagrangian is particularly simple: 

(14) 

As a remnant of this mechanism for generating fermion masses in a gauge invariant 
way, Yukawa interactions between the massive fermions and the physical Higgs field 
occur with coupling constants proportional to the fermion masses. 

Physical fields and parameters 
The gauge invariant Higgs-gauge field interaction in the kinetic part of Eq. (8) gives 
rise to mass terms for the vector bosons in the non-diagonal form 

~ (92v)2 (W2 + W2) + v2 (w3 B) ( 9~ 
2 2 1 2 4 ~' ~ 9192 

(15) 
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The physical content becomes transparent by performing a transformation from the 
fields w;, B~ (in terms of which the symmetry is manifest) to the "physical" fields 

± 1 ( 1 . 2) 
w~ = .../2 w~ ± z w~ 

and 

z~ +cos llw W,': +sin llw B~ 

A~ -sin Bw W,': +cos llw B~ 

In these fields the mass term ( 15) is diagonal and has the form 

with 

2 + -~ 1 ( z ) ( 0 0 ) ( A~ ) Mw w~ w + 2 A~, ~ o M~ z~ 

Mw 

Mz 

1 
-92V 
2 

~Jit + 9~ v 

The mixing angle in the rotation (17) is given by 

92 Mw 
cos llw = = -- . 

J9r+ 9~ Mz 

(16) 

(17) 

(18) 

(19) 

(20) 

Identifying A~ with the photon field which couples via the electric charge e = ~ 
to the electron, e can be expressed in terms of the gauge couplings in the following 
way 

(21) 

or e e 
92 = sin llw' 9 ' = cos llw · (22

) 

Finally, from the Yukawa coupling terms in Eq. (13) the fermion masses are ob­
tffined: 

v In 9! 
mt=9t-=v2-Mw . 

.../2 92 

The relations above allow one to replace the original set of parameters 

92, 9t, .A, 1'2, 9! 

by the equivalent set of more physical parameters 
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where each of them can (in principle) directly be measured in a suitable experiment. 

An additional very precisely measured parameter is the Fermi constant G~ 
which is the effective 4-fermion coupling constant in the the Fermi model, measured 
by the muon lifetime: 

G~ = 1.16639(2) . 10-5 GeV- 2 

Consistency of the Standard Model at q2 « Mf, with the Fermi model requires the 
identification (see section 6) 

8 sin2 OwMf, ' 
(26) 

which allows us to relate the vector boson masses to the parameters o, G~, and 
sin2 Ow as follows: 

M2 = w 

M~ = 

11"0 1 

.,fiG~ . sin2 Ow 

11"0 1 

.,fiG~ . sin2 Ow cos2 Ow 

and thus to establish also the Mw - Mz interdependence: 

M 2 ( _ Mf,) -~ w 1 M2 - '2G . 
z v L. ~ 

2.2 Gauge fixing and ghost fields 

(27) 

(28) 

Since the S matrix element for any physical process is a gauge invariant quantity 
it is possible to work in the unitary gauge with no unphysical particles in internal 
lines. For a systematic treatment of the quantization of eel and for higher order 
calculations, however, one better refers to a renormalizable gauge. This can be done 
by adding to eel a gauge fixing Lagrangian, for example 

(29) 

with linear gauge fixings of the 't Hooft type: 

F± = jw (a~w; :r= iMw~w ,p±) 

Fz )fz (a~z~- Mzex) 

1 
F~ = v'fi a~ A,. (30) 
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with arbitrary parameters ew,z.~. 
propagators have the form 

In this class of 't Hooft gauges, the vector boson 

iev k~k" 

k2- ev M~ k2 ' 
(31) 

the propagators for the unphysical Higgs fields are given by 

z 
for q,± (32) 

k2- ew Mf'v 
z 

for 0 (33) 
P-ezM~ 

x, 

and Higgs-vector boson transitions do not occur. 

For completion of the renormalizable Lagrangian the Faddeev-Popov ghost term 
C9 h has to be added [14] in order to balance the undesired effects in the unphysical 
components introduced by Ctix : 

where 
,. _ -a( ) 8F" (3( ) 
1-ogh- U X {j(lf3(x) U .T 

(34) 

(35) 

with ghost fields u~, uz, u±, and ~~; being the change of the gauge fixing op­
erators (35) under infinitesimal gauge transformations characterized by ll"(x) = 
{ll"(x), IIY(x)}. 

In the 't Hooft-Feynman gauge (e = 1) the vector boson propagators (31) 
become particularly simple: the transverse and longitudinal components, as well as 
the propagators for the unphysical Higgs fields ¢±, X and the ghost fields u±, uz 
have poles which coincide with the masses of the corresponding physical particles 
w± and z. 

2.3 Feynman rules 

Expressed in terms of the physical parameters we can write down the Lagrangian 

in a way which allows us to read off the propagators and the vertices most directly. 
We specify them in the Re=t gauge where the vector boson propagators have the 
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simple algebraic form ~ g~v-

1 
-A DA~ 2 J.l 

1 + 2z,, (D +AI~) z~ 

+ ~ H ( o + 1VI1) H 

+interaction terms 

VV, VH, HH 

+(unphysical degrees of freedom) 

............... __ ,. 

.__- -· 

-! 9~v 

2 '.f2 q - iv1w 

-1-g!J,IJ 

q2- Mf 

--< X }-· >·- >--

q-mf 

' ' a' 
'' ' 

Y~· -ieQn~ 

+l'Nc z~ 

+l~c w~ 

_.!!LfjH 
.j2 

+(unphysical degrees of freedom) --< 
11 

. e ) 
I •) . B . I} I~(Vj- ans 

-SID W COS W 

e 
i r.;. ~~(1-!5 )\l;k 

2v2 sm Bw 

. 9! 
-1-

.j'i 
. e m 1 = 1 --
2sinBw Mw 

(:36) 



These Feynman rules provide the ingredients to calculate the lowest order ampli­
tudes for fermionic processes. For the complete list of all interaction vertices we 
refer to the literature [15]. 

In order to describe scattering processes between light fermions in lowest 
order we can, in most cases, neglect the exchange of Higgs bosons because of their 
small Yukawa couplings to the known fermions. The standard processes accessible 
by the experimental facilities are basically 4-fermion processes. These are mediated 
by the gauge bosons and, sufficient in lowest order, defined by the vertices for 
the fermions interacting with the vector bosons. They are given in the Lagrangian 
above for the electromagnetic, neutral and charged current interactions. The neutral 
current coupling constants in (36) read 

VJ = I{-2Q,sin2 Bw 

a1 - I{. 

Q, and I{ denote the charge and the third isospin component of fL. 

(37) 

The quantities Vjk in the charged current vertex are the elements of the 
unitary 3x3 matrix 

( 
Kd Vua Vub) 

UKM = Vcd Vca Vcb 

Vld Vls Vlb 
(38) 

which describes family mixing in the quark sector [7]. Its origin is the diagonal­
ization of the quark mass matrices from the Yukawa coupling which appears since 
quarks of the same charge have different masses. For massless neutrinos no mixing 
in the leptonic sector is present. Due to the unitarity of UKM the mixing is absent 
in the neutral current. 

For a proper treatment of the charged current vertex at the one-loop level, 
the matrix UKM has to be renormalized as well. As it was shown in [16], where the 
renormalization procedure was extended to U KM, the resulting effects are completely 
negligible for the known light fermions. We therefore skip the renormalization of 
UKM in our discussion of radiative corrections. 

3 Renormalization 

3.1 General remarks 

The tree level Lagrangian (2) of the minimal SU(2) x U(1) model involves a certain 
number of free parameters which are not fixed by the theory. The definition of 
these parameters and their relation to measurable quantities is the content of a 
renormalization scheme. The parameters (or appropriate combinations) can be 
determined from specific experiments with help of the theoretical results for cross 
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sections and lifetimes. After this procedure of defining the physical input, other 
observables can be predicted allowing verification or falsification of the theory by 
comparison with the corresponding experimental results. 

In higher order perturbation theory the relations between the formal pa­
rameters and measureable quantities are different from the tree level relations in 
general. Moreover, the procedure is obscured by the appearence of divergences from 
the loop integrations. For a mathematically consistent treatment one has to reg­
ularize the theory, e.g. by dimensional regularization (performing the calculations 
in D dimensions). But then the relations between physical quantities and the pa­
rameters become cutoff dependent. Hence, the parameters of the basic Lagrangian, 
the "bare" parameters, have no physical meaning. On the other hand, relations 
between measureable physical quantities, where the parameters drop out, are finite 
and independent of the cutoff. It is therefore in principle possible to perform tests 
of the theory in terms of such relations by eliminating the bare parameters (17, 73]. 

Alternatively, one may replace the bare parameters by renormalized ones by 
multiplicative renormalization for each bare parameter g0 

go = Z0 g = g + og (39) 

with renormalization constants Z9 different from 1 by a 1-loop term. The renor­
malized parameters g are finite and fixed by a set of renormalization conditions. 
The decomposition (39) is to a large extent arbitrary. Only the divergent parts are 
determined directly by the structure of the divergences of the one-loop amplitudes. 
The finite parts depend on the choice of the explicit renormalization conditions. 

This procedure of parameter renormalization is sufficient to obtain finite S­
matrix elements when wave function renormalization for external on-shell particles 
is included. Off-shell Green functions, however, are not finite by themselves. In 
order obtain finite propagators and vertices, also the bare fields in £ have to be 
redefined in terms of renormalized fields by multiplicative renormalization 

¢o = z~12 ¢. ( 40) 

Expanding the renormalization constants according to 

Z; = 1 + 8Z; 

the Lagrangian is split into a "renormalized" Lagrangian and a counter term La-
grang1an 

£(¢o,go) = £(Z~12 ¢, Z9 g) =£(¢,g)+ 8£(¢,g,8Z4>,8g) 

which renders the results for all Green functions in a given order finite. 

( 41) 

The simplest way to obtain a set of finite Green functions is the "minimal 
subtraction scheme" (18] where (in dimensional regularization) the singular part of 
each divergent diagram is subtracted and the parameters are defined at an arbitrary 

13 



mass scale p. This scheme, with slight modifications, has been applied in QCD 
where due to the confinement of quarks and gluons there is no distinguished mass 
scale in the renormalization procedure. 

The situation is different in QED and in the electroweak theory. There the 
classical Thomson scattering and the particle masses set natural scales where the 
parameters can be defined. In QED the favoured renormalization scheme is the on­
shell scheme where e = ~and the electron, muon, ... masses are used as input 
parameters. The finite parts of the counter terms are fixed by the renormalization 
conditions that the fermion propagators have poles at their physical masses, and e 
becomes the ee1 coupling constant in the Thomson limit of Compton scattering. 
The extraordinary meaning of the Thomson limit for the definition of the renor­
malized coupling constant is elucidated by the theorem that the exact Compton 
cross section at low energies becomes equal to the classical Thomson cross section. 
In particular this means that e resp. a is free of infrared corrections, and that its 
numerical value is independent of the order of perturbation theory, only determined 
by the accuracy of the experiment. 

This feature of e is preserved in the electroweak theory. In the electroweak 
Standard Model a distinguished set for parameter renormalization is given in terms 
of e,Mz,Mw,MH,mf with the masses of the corresponding particles. This elec­
troweak on-shell scheme is the straight-forward extension of the familiar QED 
renormalization, first proposed by Ross and Taylor [19] and used in many prac­
tical applications [15, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. For stable particles, the 
masses are well defined quantities and can be measured with high accuracy. The 
masses of the W and Z bosons are related to the resonance peaks in cross sections 
where they are produced and hence can also be accurately determined. The masses 
of the Higgs boson and the top quark, as long as they are experimentally unknown, 
are treated as free input parameters. The light quark masses can only be considered 
as effective parameters. In the cases of practical interest they can be replaced in 
terms of directly measured quantities like the cross section for e+ C -t hadrons. 

The electroweak mixing angle is related to the vector boson masses in general 
by 

• 2 () sm w = (42) 

where p0 of 1 at the tree level in case of a Higgs system more complicated than with 
doublets only. We want to restrict our discussion of radiative corrections primarily 
to the minimal model with p0 = 1. For p of 1 see section 8.2. 

Instead of the set e, Mw, Mz as basic free parameters one may alternatively use as 
basic parameters a, G~, Mz [30] or a, G~, sin2 ew with the mixing angle deduced 
from neutrino-electron scattering [31] or perform the loop calculations in the M S 
scheme [32, 33, 34, 35]. The so-called *-scheme [36, 37] is a different way of book­
keeping in terms of effective running couplings. We will discuss the various schemes 
in later course after the detailed discussion of the on-shell renormalization. 

14 



A full treatment of one-loop renormalization has to comprise also the unphys­
ical sector. Since we are interested only in the calculation of physical amplitudes for 
light fermions at the one-loop level we drop the discussion of the unphysical sector. 

3, 2 The renormalization transformation and counter terms 

Following the general principles discussed above we attach multiplicative renormal­
ization constants to each free parameter and each symmetry multiplet of fields in 
the symmetric Lagrangian: 

wa 
~ 

---> (z.:v)1/2 w; 

EM ---> (z:r/2 B~ 

,Pf ---> ( jr/2 L ZL 1/Jj 

1/J~ ---> ( juf/2 R ZR 1/Jju 

<f> ---> ( z<Pf/2 <f> 

92 ---> 
w ( w) -3/2 Z1 Z2 92 

91 ---> 
B ( B) -3/2 Z1 Z2 91 

v ---> ( ) 1/2 z<P (v- 8v) 

9ju ---> ( z<P t/2 ziu . 
1 9Jcr 

J1.2 ---> ( z<Pt (JJ.2- 8JJ.2) 

.\ ---> (z<Pr2 z,.\ ( 43) 

The r.h.s. represent the bare fields and parameters, the quantities without the Z­
factors are the corresponding renormalized fields and parameters. 

Field renormalization ensures that we end up with finite Green functions. 
The field renormalization in ( 43) is performed in a way that it respects the gauge 
symmetry by introducing the minimal number of field renormalization constants. 
Therefore also the counter term Lagrangian and the renormalized Green functions 
reflect the gauge symmetry. The price for this, however, is that not all residues of 
the propagators can be normalized to unity. As a consequence, any calculation with 
the renormalized Lagrangian will have to include finite multiplicative wave function 
renormalization factors for some of the external lines in S matrix elements. 

It is of course possible to perform the renormalization in such a way that 
these finite corrections do not appear [23, 24, 25, 27]. But then the Lagrangian will 
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contain many constants which have to be calculated in terms of the few fundamental 
parameters. 

The independent renormalization of the Higgs vacuum expectation value v 
absorbs the linear term in the Higgs potential, which is induced by the appearance 
of tadpole diagrams in one-loop order, in such a way that the relation 

2j1 
v = .;>.. 

remains valid for the renormalized parameters with v being the minimum of the 
Higgs potential at the one-loop level. As a practical consequence of this tadpole 
renormalization, all tadpole graphs can be omitted in the renormalized amplitudes 
and Green functions. They are, however, necessary to make the mass counter terms 
gauge independent. 

The systematic way for obtaining results for physical amplitudes in one-loop 
order is scheduled as follows: The expansion ( 41) yields the renormalized Lagrangian 
C which can now be re-parametrized in terms of the physical parameters (25) and 
the physical fields A~, Z~, W,;", H (also the unphysical Higgs field components q,±, x, 
and the ghost fields u are present in the Re gauge), and the counter term Lagrangian 
{j C. From {j £ the counter term Feynman rules are deri vee\. After rewriting them in 
terms of (25) the counter term graphs have to be added to the 1-loop vertex functions 
calculated from £. The renormalization constants in ( 43) are fixed afterwards by 
imposing the appropriate renormalization conditions. The results are finite Green 
functions in terms of the parameter set (25) from which the S matrix elements for 
all processes of interest can be obtained. 

In order to perform mass and field renormalization we have to dress the prop­
agators of the vector bosons and fermions by the self energies, i.e. the amputated 
1-particle irreducible 2-point functions. 

Vector boson self energies: 
The self energies L,Jl enter the transverse components of the vector boson propaga­
tors D~v as follows (V = /, Z, W): 

D~v(k) -ig~v (k2~Mt- k2~Mt r,vv(k2) k2~Mt) 
D2~(k) = +. 1 r,~Z(k2) 1 

~· zg~" k2- M~ p· (44) 

We can drop the longitudinal components~ k~kv since they only yield terms which 
are suppressed by m}/Mt in physical amplitudes. 

The L.'s represent the sum of all contributing one-loop diagrams. The cor­
responding renormalized self energies are obtained by adding the counter terms 
derived from tiC. It is convenient to introduce the following linear combinations 
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of the SU(2) and the U(l) field renormalization constants ~z;:'·B and the coupling 
renormalization constants ~ zi"·B ( i = 1, 2): 

(45) 

with the abbreviations 

2 • 2 () sw =Sin w, 2 2 () cw =cos w. (46) 

Using the notation ( 45) we can write down the renormalized self energies as follows 
(all renormalized quantities are denoted by the same symbols as the corresponding 
unrenormalized ones in connection with a superscript'): 

t"'(k2
) = 

t;zz(k2) 

t;ww(k') _ 

t~zwl = 

I:~~wl + ~z::. k2 

I:zz(k2)- ~M;; + ~zf W- M~) 

I:ww (k2)- ~M'tv + ~Z:' W- M'tv) 

I:~zw) - ~z:;z k2 + (~Ziz- ~z:;z) M~. 

In the last line the combinations ( i = 1, 2) 

cwsw z 
2 2 (~Z, -8Zl) 

cw-sw 

have been introduced. 

( 47) 

(48) 

The mass counter terms ~M'fv.z following from (19) and ( 43) are related to 
the fundamental renormalization con~tants by 

(49) 

This relation allows us to express finally the 8 z,z. w in terms of the unrenormalized 
on-shell vector boson self energies. 

Fermion self energies: 
The fermion self energy I;f is related to the fermion propagator in the following 
way: 

S~(k) = z 
-k-mf 

I;f can be decomposed according to 

I:1(k) - 1fi:~(k2 ) + 1f1s E~(k2 ) + mf E~(k2 ) 

(50) 

1f l ~Is Ef(k') + 1f 
1 ~Is E~(k') + mf E~(k2 ) (51) 
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with scalar functions E~,A,S resp. Ef.n.s related via 

EL = Ev- EA, En= Ev +EA. 

By adding the counter terms as derived from our renormalization transformation 
( 43) obtain the renormalized fermion self energies: 

with 

f/(k) = ,k (E~(k2 ) + oz?) + ,k15 (E~(k2)- oz{) 

+m1 ( E~(k2)- oz?- "::::) 

oz' = ozL + ozk 
v 2 , 

(52) 

(53) 

8ZL is the left-handed renormalization constant for the whole doublet; therefore not 
all of the oz?,A are independent for the members of a family. We have dropped the 
family index in the formulae. 
The mass renormalization 

8m1 = oz{ _ 8v 
ffiJ v 

(54) 

contains, besides 8v, the Yukawa coupling renormalization constant 8Z{. Con­
sequently, fermion mass renormalization fixes the renormalization of the Yukawa 
couplings which is of interest e.g. for the discussion of the fermionic Higgs boson 
decays at the one-loop level [38]. 

Vertex corrections 
For coupling constant renormalization and for dressing the fermion gauge boson 
vertices we have to add the counter terms following from ( 43) in order to obtain the 
renormalized vertices. With the coupling constants v1, af of the fermion f to the Z 
specified in (36) and (37) we get the renormalized electromagnetic vertex as 

f'~JJ = r;JJ - i eQn~ (8Z'/- 8Z:J + 8Z?- 8Zh5) 

- i e ~~(vJ- an5) (8Z'/z- 8Z:jz) 
2swcw 

(55) 

with the unrenormalized vertex 

r~" = -ieQn~ + ieAzt. (56) 

A~f denote the one-loop vertex corrections. For light on-shell fermions (f f' b, t)) 
with momenta p,p' and P = (p- p')2 » m} they essentially consist of vector and 
axial vector form factors only: 

(57) 
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The renormalized weak neutral current vertex has the form 

f'~!J = r~ff + i e ;~(vJ- an5) (tiZf- tiZf) 
2swcw 

+ i e Qn~ (tiZJZ- tiz:{Z) 

+i e ~~ (v18Z? + a1tiZ~) 
2swcw 

- i e ;~;5 (v1 8Z~ + a/jZ?). 
2swcw 

(58) 

The renormalized charged current vertex reads: 

(59) 

with tiZL for the corresponding lepton or quark doublet. r ~ always denote the 
unrenormalized vertices: 

e ( ) · , cc = z rc; ~~ 1 - /5 + z e a 1, . 
2v~sw 

(60) 

The one-loop vertex corrections A~ have a similar decomposition into form factors 
as given above for the photon case. 

3.3 On-shell renormalization conditions and renormalization constants 

The renormalization conditions can be separated into two classes: the on-shell sub­
traction of the self energies which makes the particle content of the theory evident, 
and the generalization of the QED charge renormalization. Since we have introduced 
more renormalization constants than physical parameters we are free to fix the su­
pernumerary ones by the requirement of residue= 1 for a corresponding number 
of propagators. In order to be as close as possible to the common QED renormal­
ization these residue conditions are imposed on the photon and the charged lepton 
propagators. 

The on-shell subtraction conditions can be written in the following way: 

• ww 2 • zz 2 • f ReE (Mw) = ReE (Mz) = ReE (.r= mJ) = 0. (61) 

The "QED-like" conditions read explicitly: 

r:ee(k2 = O,:p-=.q-= me) ze;, 
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(62) 

if u_ is the wave function for the 13 = -1/2 particle. 

The last condition is formulated for charged leptons and quarks with 13 = 
-1/2. It means a condition for the left and right handed fermion field renormaliza­
tion constants ZL, ZR_. In the case of leptons ZL also determines the neutrino field 
renormalization. For the h = +1/2 quarks an additional Z~ for the right handed 
fields is at our disposal. This constant can be adjusted in a way that the renormal­
ized left and right handed parts of the up-type propagators have equal residues at 
k2 = m~ (but f. 1). 

The solution of the system (61)and (62) yields all those renormalization 
constants which we need for the vector boson propagators, the fermion - gauge 
boson vertex corrections, and the fermion wave function renormalization. We write 
them down in terms of the unrenormalized expressions. 

The mass counter terms for the W and Z self energies follow immediately 
from the unrenormalized on-shell values by means of Eq. (47) and (61): 

oM2 
w 

oM2 
z 

= Re Eww (Mfy) 

= ReEzz(M~). 
(63) 

Their dependence on the z{'Z ( i = 1, 2) in ( 49) together with the set of equations 
( 62) yields: 

ozz 
2 

ozw 
1 (64) 
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The last two constants 5 z,W are not independent but are linear combinations of 8 Z? 
and oz,Z. They are given here for completeness. 

The mass renormalization term for a massive fermion f is determined by 

Dmt f 2 I 2 - = Ev(m1) + E5 (m1). 
ffiJ 

(65) 

The doublet field renormalization constants DZL and the singlet renormalization 
constants 5ZJi in the h = -1/2 states follow from (62) to be: 

5ZL -EL(m~) - m~ [E~(m~) + E~(m~) + 2E~(m~)j (66) 

8ZJi -ER(m~) - m~ [E~(m~) + E~(m~) + 2E~(m~)j 

TheEL ... are the invariant functions in Eq. (51), and E~ ... denotes the derivative 

DE 
E' (k2

) = ~. L,.. Dk2 

By means of (53) one can rewrite (66) as follows: 

5Zv = -Ev(m~) - 2m~ [E~(m~) + E~(m~)j 
5Z'A +EA(m~). (67) 

In the case of leptons 5ZL renormalizes simultaneously the neutrino propagator with 
the consequence that its residue is different from 1 by the finite amount 

(68) 

Therefore, in external v lines a finite wave function renormalization factor 

1 - ~ [E£(0) + oZL] (69) 

has to be inserted. 

For the right handed u-type quarks an additional condition has to be imposed 
in order to fix 5Zfi. We will treat the ! 3 = +1/2 quarks in a way that the residues 
for their left and right handed propagators become equal. This looks somewhat 
arbitrary. In S matrix elements, however, in the sum 

this unsymmetric treatment is compensated by the corresponding renormalizcd 3-
point vertices. 
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We have skipped the Higgs mass on-shell renormalization since it is not needed for 
our purpose. The on-shell subtraction for the Higgs self energy together with the 
tadpole conditions fix also the scalar sector at the one-loop level. 

Charge renormalization: 
It is instructive to have a look at the direct counter term be for the renormalization 
of the electric charge, which can easily be derived from the basic renormalization 
constants given above in Eq. (64). Making use of the definition (21) and the renor­
malization transformation (RT) in Eq. ( 43) we obtain 

where 

RT 
---+ (70) 

be = bZ'- ~bZ' = ~II'(O)- sw E'z(O) (71) 
e 1 2 2 

2 cwM~ 
This demonstrates that be, although fixed in terms of the electron specific condition 
(62), is fermion independent. The first of the two universal terms in Eq. (71) is the 
photon vacuum polarization, as in QED (but including also bosonic loops), the 
second term contains the mixing between the photon and the Z boson. As we will 
see in the next section, the fermion loops vanish for k 2 = 0. Only the non-abelian 
bosonic loops yield pz (0) of 0. 

The reason for the universality of be is the U(l)y Ward identity, which is 
formally identical to the QED Ward identity [39], yielding the following relation 
between the field and coupling renormalization constants for the U(l) part: 

bZf = bZ:. 

Exploiting this relation together with the second condition of (62) allows us to write 
down the following identity: 

bZ"(- bZ'{ (72) 

which immediately leads to (71). 
The charge renormalization condition in (62) is an explicit condition for the vector 
part of the electron vertex: 

A"e(O) + bZe + bZ'- bZ' + 4s~- 1 E"z(O) = 0 v v 12
48 M2 · wcw z 

(73) 

The identity (72) shows that the fermion specific part of the vertex corrections and 
of the field renormalization cancel in the combination entering the condition (73): 

(74) 
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Another consequence of the Ward identity is the absence of an electromagnetic axial 
vector coupling for real photons. The renormalized electromagnetic axial vector 
vertex in Eq. (55) is finite and vanishes for P -> 0. Simultaneously, this also holds 
for the electromagnetic form factor of the neutrino. 

Renormalization of sin 2 liw: 

The counter term for the electroweak mixing angle can be derived in a similar way 
as done for 8e on the basis of the definition (22), the transformation ( 43), and the 
relation ( 49): 

with 

RT 
--+ 

2 (8M1 8M;'y) + cw M2 - M2 -
z w 

2 M;'y 
sw =1-M2 . 

z 

2 < 2 sw +usw (75) 

This becomes obvious also in a more direct way from expanding the exact relation 
between the bare quantities up to the 1-loop order: 

Mo2 
2 1 w 8 o = - Mo2 

z 

(76) 

Concluding this discussion we summanze the principal structure of electroweak 
calculations: 

• The treellevel Lagrangian C(e,Mw,Mz, ... ) is sufficent for lowest order cal­
culations and the parameters can be identified with the physical parameters. 

• For higher order calculations, £ has to be considered as the bare Lagrangian 
of the theory C(e0 , Mllr, Mg, .. . ) with bare parameters which are related to 
the physical ones by 

eo= e + 8e, MJVl = M~ + 8M~, M~2 = Mi + 8Mi. 

The counterterms are fixed in terms of a specific set of 1-loop self energies via 
Eq.s (63), (71), (76). For any 4-fermion process the S-matrix element with 
the corresponding loop diagrams and the counter terms is finite after external 
wave function renormalization. 

• When field renormalization is performed, also the individual self energies and 
vertex corrections are finite. 
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4 Calculation of one-loop integrals 

In this section we provide the technical details for the calculation of radiative cor­
rections for electroweak precision observables. The methods used are essentially 
based on the work of [20] and [40]. 

4.1 Dimensional regularization 

The diagrams with closed loops occuring in higher order perturbation theory involve 
integrals over the loop momentum. These integrals are in general divergent for large 
integration momenta (UV divergence). For this reason we need a regularization, 
which is a procedure to redefine the integrals in such a way that they become finite 
and mathematically well-defined objects. The widely used regularization procedure 
for gauge theories is that of dimensional regularization [41], which is Lorentz and 
gauge invariant: replace the dimension 4 by a lower dimension D where the integrals 
are convergent: 

(77) 

An (arbitrary) mass parameter 11 has been introduced in order to keep the dimen­
sions of the coupling constants in front of the integrals independent of D. After 
renormalization the results for physical quantities are finite in the limit D -> 4. 
The metric tensor in D dimensions has the property 

9~ = 9~v9"~ = Tr(l) =D. 

The Dirac algebra in D dimensions 

2gw1 

has the consequences 

~~~~ - D 1 

lPl~lp (2 - D)~~ 
/p/~/v/p - 4g,.v 1 - ( 4- D)/,./v 

lPll'lv/u/P - -2/u/v/,. + ( 4- D) 1~/v/u 

(78) 

(79) 

(80) 

A consistent treatment of 15 in D dimensions is more subtle [42]. In theories which 
are anomaly free like the Standard Model we can use 15 as anticommuting with 1,.: 

b~,/5} = 0. (81) 
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4.2 One- and two-point integrals 

In the calculation of self energy diagrams the following types of one-loop integrals 
appear: 

1-point integral: 

' 167r2 A(m) (82) 

2-point integrals: 

4-D1 dDk 1 
/l (27r)D (k2- mm(k + q)2- m~j -. 

(83) 

4_D 1 dD k k,; k,kv -· 
il (27r)v (k2-mm(k+q)2 -m~] -. 

(84) 

The vector and tensor integrals B,, B "" can be expanded into Lorentz covariants 
and scalar coefficients: 

B, - q,B,(q2,m,,m2) 
B,.v g,.vB22(q2,m,,m2) + q,.qvB21(l,m,,m2). (85) 

The coefficient functions can be obtained algebraically from the scalar 1- and 2-point 
integrals A and B0 . Contracting (84) with q", g"" and q"q" yields: 

1 kq 

(k2- mrJ[(k + q)2- m~] 

' ( 2 4 ) 
16

1!"2 q B22 + q B21 (86) 

Solving these equations and making use of the decompositions 

p 1 1 

J(k2-mrl[(k+q)2 -m~] = j k2-m~+m~j[k2-mi][(k+q)2-m~] 
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J kq 

[k2- mil[(k + q)2- m§] 
lj 1 11 1 
2 k2 - mi - 2 k2 - m§ 

m~- mf- q
2 j 1 

+ 2 [k2- mil[(k + q)2- m§] 

J (kq)2 
[k2- mil[(k + q)2- m§] 

1 J kq 1 J kq 
2 k2-mf- 2 (k+q)2-m§ 

m~ - mf - q2 j kq 
+ 2 [k2-mil[(k+q)2 -m§] 

and of the definition (82,83) we obtain: 

(87) 

Finally we have to calculate the scalar integrals A and B0 • With help of the Feynman 
parametrization 

1 [' 1 
ab = Jo dx [ax+ b(l- x)F 

and after a shift in the k-variable, B 0 can be written in the form 

(88) 

The advantage of this parametrization is a simpler k-integration where the integrand 
is only a function of P = ( k0

)
2

- k2 • In order to transform it into a Euclidean integral 
we perform the substitution 2 

0 ·O _, _, D ·D 
k = 'ke, k = ke, d k = 'd ke 

2The it-prescription in the masses ensures that this is compatible with the pole structure of the 
integrand. 
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where the new integration momentum kE has a definite metric: 

k2 = -k1, k1 = (k~)2 + ... + (k}§-1 )2. 

This leads us to a Euclidean integral over kE: 

i {1 /14-D J dD kE 
1611"2 Eo= i Jo dx (21r)D (k"f;; + Q)Z (89) 

where 
Q 2 2 ( 2 2 2) 2 . = x q - x q + m 1 - m2 + m 1 - uo: (90) 

is a constant with respect to the kE-integration. 

Also the 1-point integral A of (82) can be transformed into a Euclidean 
integral: 

i /14-D J dD kE 
1611"2 A(m) = -i (21r)D k"J; + m2. (91) 

Both kE- integrals are of the general type 

of rotational invariant integrals in a D-dimensional Euclidean space. They can be 
evaluated in D-dimensional polar coordinates (kk = R) 

J dDkE 1 J {00 Jl._ 1 1 
(k}; + L)n = 2 df!n Jo dRR, (R + L)n' 

yielding 
4-D f( D) J-L n- 2 -n+Q 

(41r)D/2. f(n) . L ' (92) 

The singularities of our initially 4-dimensional integrals are now recovered as poles 
of the f-function forD= 4 and values n :":: 2. 

Although the l.h.s. of Eq. (92) as a D-dimensional integral is sensible only 
for integer values of D, the r.h.s. has an analytic continuation in the variable D: it 
is well defined for all complex values D with n- J?: of 0, -1, -2, ... , in particular for 

D = 4- t withE> 0. 

For physical reasons we are interested in the vicinity of D = 4. Hence we consider 
the limiting case E --> 0 and perform an expansion around D = 4 in powers of E. For 
this task we need the following properties of the f-function at x--> 0: 

1 
f(x) =- - { + O(x), 

X 

1 
f(-1+x)=--+l 1+0(x) 

X 
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with 
1 =- r'(1) = 0.577 ... 

known as Euler's constant. 

n = 1: 
Combining (91) and (92) we obtain the scalar 1-point integral forD= 4- E: 

A(m) = - 11-' • f(-1+ ~). (m2)t-</2 
( 471" )-'12 r( 1) 

_ m
2 (~-l+log47r-log:: +1) + O(E) 

- m
2
(ll-log::+1)+0(E) (94) 

Here we have introduced the abbreviation for the singular part 

n = 2: 

2 
Ll = - - 1 + log 471" . 

€ 
(95) 

For the scalar 2-point integral E 0 we evaluate the integrand of the x-integration in 
Eq. (89) with help of Eq. (92) as follows: 

11-' rm Q-,/2 1 ( 2 +I 4 I Q) 0( ) 
( 471" )2-</2 . f(2) . 1671"2 ; -I og 7r - og 11-2 + E 

-
1
- (ll-log !1) + O(E). (96) 

1671"2 11-2 

Since the 0( E) terms vanish in the limit E ---> 0 we skip them in the following 
formulae. Insertion into Eq. (89) with Q from Eq. (90) yields: 

1 2 2 ( 2 + 2 2) + 2 . 
( 2 ) " lo d 1 x q - x q m 1 - m 2 m 1 - z£ E 0 q , m 1 , m 2 = '-" - x og 

2 
0 11-

(97) 

The explicit analytic result can be found in [15]. 

4.3 Three-point integrals 

In the calculation of vertex corrections the following scalar, vector, and tensor 3-
point integrals occur: 

•-Dj d
0

k 1; k,; k,kv _ _ i_C 
11- (27r)0 [P- mil[(k + Pt)2- mm(k + Pt + P2)2 - m~] - 1671"2 o;,;,v. 

(98) 
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Expanding into Lorentz covariants 

C" = pjC" + p~C12 

(99) 

and performing all possible tensor contractions yields the coefficient functions in 
terms of the scalar 3-point integral Co and the 2-point integrals. The vector coeffi­
cients read: 

where 

and 

c" 
c,2 

[p~R, - (p,p2)R2J/" 
[-(PIP2)R, + p~R2]/~< 

2 2 ( )2 
I< = PIP2 - PIP2 

R, [Bo(p5, m,, m3)- Bo(p~, m2, m3)- (pf + mf- m~)Co]/2 

(100) 

R2 = [Bo(pf,m,m2)-Bo(P5,m,,m3)+(pf-p5-m~+mDCo]/2 (101) 

with the notation 
P~ = (p, + P2)2 · 

The tensor coefficients are given by 

C2o [Bo(p~,m2,m3) + r,Cll +r2C12 +2m~Co + 1]/4 
C21 - [p~R3 - (PIP2)Rs]/ 1< 

C23 [-(p,p2)R3 +Pi Rs]/ 1< 

C22 [-(PIP2)R4 + pfllt;]/~< (102) 

with 
2 2 2 22 2 2 r1 = p1 + m1 - m2, r2 = p3 - p1 + m2 - m3 

and 

R3 -C2o- [r,Cu- B,(p~, m, m3)- Bo(p~, m2, m3)]/2 
Rs = -[r2C11-B,(pi,m,,m2)+B,(p~,m,m3)]/2 
R4 -[r,C12 - B1 (p~,m1 ,m3) + B1 (p~,m2 ,m3)]/2 
R6 -C2o- [r2C12 + B,(p~,m,,m3)]/2 (103) 

The genuine new element in the expressions above is the scalar 3-point integral 
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After Feynman parametrization 

1 = {1 dx {1 dy 1 
D 1D2D3 Jo lo {(1- x)Dr + x[yD2 + (1- y)D3 ]}3 

and Wick rotation the momentum integration can be performed applying Eq. (92) 
for n = 3 and D = 4. The result is a 2-parameter integral for C0 : 

with 

= - rl dx r dy --::---:-~--1--:------:: 
Jo Jo ax2 + by2 + cxy + dx + ey + f 

2 b 2 2 2 2 a= P3, = P2' c = Pt - P2- P3, 
d 2 2 2 = m3- ml- P3, 

2 2 2 2 e = m2 - m1 + P3 - Pu 

f 
2 . = m1 - zc:. 

For real solutions a of the quadratic equation 

ba2 +ca+a=O 

the integral can be expressed as a sum over dilogarithms: 

1 3 2 

Co= --:::--:-I; I;(-1)1 

c + 2ab I=I j=1 
{1 . ( X! ) 1 . ( X!- 1 ) } 

12 X! - Ylj - 12 x, - Ylj 

together with 

d+2a+ca 
x1 =- c+ 2ab ' 

d 
x 2 = --;-:(1---a,...,)(-c -+-=2-a:-7"b)' 

d 
xa = ' a(c+2ab) 

-c ± vr:c2---4bc-:-( a_+_d_+_f..,.,.) 

Yij = 2b ' 

-d± .Jd2 -4f(a + b+ c) 
Y2j = Y3j = 

2a 

(104) 

(105) 

(106) 

(107) 

The condition for a being real is always fulfilled for vertices with two particles 
on-shell, in particular for 2-particle decay and scattering processes. 

For the special situation of vertex corrections for the fermion-gauge boson 
vertices with light fermions the expressions become considerably simpler. The ana­
lytic results for the Z f f vertices will be given in the next chapter on e+ e- annihi­
lation. For low energy processes, like muon decay or neutrino scattering, where the 
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external momenta can be neglected in view of the internal gauge boson masses, the 
3-point integrals (98) can immediately be reduced to 2-point integrals. 

A similar comment applies to the 4-point functions. The general expressions 
are very lengthy and involved. vVe do not want to list them here but refer to the 
literature [20, 43]. For the situation of e+e--+ JJ with light fermions they again 
become much simpler and will also be given in the corresponding places of the next 
chapter. In low energy processes the 4-point integrals shrink essentially to 2-point 
functions. 

5 Standard Model one-loop expressions 

As an application of the previous section we give here the explicit results for the 
fermion and vector boson self energies in the Standard Model and discuss their im­
pact on the electroweak parameters. The self energies are of particular importance 
since they determine all the renormalization constants and hence provide the com­
plete 1-loop renormalization of the Standard Model. The results are given in the 
R<=J gauge. 

5.1 Fermion self energies 

The diagrams contributing 2') (P) for a given fermion species are displayed in Fig­
ure 1. J' denotes the isospin partner of the fermion f . 

• • Z.Y n 
¢ w H,x 

0 --~ --~ 
I ' I ' \ \ 

f' f' 

Fig. 1: Fermion self energies 

We list the scalar coefficients "E{,A,S in the decomposition of -r;f in Eq. (51): 
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(108) 

Inserting these expressions into Eq.s (65-67) fixes the mass and field renormalization 
counter terms of the fermions. 

In Eq. (108) the quantity >. has been introduced as a fictitious small photon 
mass in order to regularize the IR singularity from the diagram with photon ex­
change. All other diagrams are IR finite. For light fermions with mf, mf' ~ Mw,z 
one can neglect the Higgs contributions. For b quarks, only the diagrams with H 
and x0 can be neglected, but not the one where the charged Higgs component tjJ+ 
goes together with the top quark. 

5.2 Vector boson self energies 

The diagrams contributing to the self energies of the photon, W, Z and the photon­
z transition are shown in Figure 2. We first consider the fermion loops. 

Fermionic contributions: 

Photon self energy: 

We give the expression for a single fermion with charge Q1 and mass m. The 
total contribution is obtained by summing over all fermions. Evaluating the fermion 
loop diagram we obtain in the notation of section 4.2: 

E"(k2) = ~Q21 {-A(m)+ p Bo(k2 ,m,m) +2B22(k\m,m)} 
7r 2 
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B0 denotes the finite function 

- 2 Bo(k ,m,m) (llO) 

in the decomposition 

Bo(P,m,m) 
2 m - 2 

~-log-2 + B 0(k ,m,m). 
!l 

(111) 

The dimensionless quantity 

(ll2) 

is usually denoted as the photon "vacuum polarization". We list two simple expres­
sions arising from Eq. (109) for special situations of practical interest: 

• light fermions (I P I» m 2
): 

a ( m
2 

5 I PI ) IP(k2
) = -Q} ~-log -

2 
+--log -

2
- + irr ll(k2

) 
3rr p. 3 m 

(113) 

• heavy fermions (I k2 I~ m2
): 

(ll4) 

Photon - Z mixing: 

Each charged fermion yields a contribution 

q2} 
3 . 

(ll5) 

As in the photon case, the fermion loop contribution vanishes for P = 0. 

Z and W self energies: 

vVe give the formulae for a single doublet, leptons or quarks, with m±, Q±, V±, a± 
denoting mass, charge, vector and axial vector coupling of the up(+) and the down(­
)member. At the end, we have to perform the sum over the various doublets, 
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including color summation. 

Again, the following two cases are of particular practical interest: 

• Light fermions: 

(116) 

In the light fermion limit k2 ~ m~ theZ and W self-energies simplify considerably: 

• Heavy fermions: 

Of special interest is the case of a heavy top quark which yields a large correction 
~ m;. In order to extract this part we keep for simplicity only those terms which 
are either singular or quadratic in the top mass m, := m+ (Nc = 3): 

"zz(k2 ) _ " a { v.! +a.! + v: +a: k2 3mi } (" 1 mi) ~ - HG ~ - '-' - og- + · · · 
31f 4s~c~ Ss~c~ 112 

{ 
k

2 ( 2) 3 2 ( 2 1)} ww 2 a · mt mt mt L; (k) = Nc~ -- ~-log- -- ~-log-+-
31f 4s~ 11 2 Ss~ 112 2 +··· 

(118) 

The quantity 

(119) 

is finite as far as the heavy fermion contribution is considered which yields for the 
top quark: 

(120) 
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E"(k2) = a . 
4'11'"~.;; r;ZZ(k') =.A-· ...... w 

I;1Z(k2)= a . 
"'"''~ 

r;WW(k2) =_a_, ....... ~ 

A,(k2
, Mw, Mw) ·s-!; cwA,(k2,Mw,Mw) swcwA,(k2 , Mw, Mw) cwA,(k2 ,Mw,Mw) 

+swA,(k2 ,0,Mw) 

2swA•(Mw) 2cwA.(Mw) 2cwsw A,(Mw) A•(Mw)+cwA.(Mz) 

2s~Ma,Bo(k2 , Mw,Mw) 2swMiBo(k2 ,Mw, Mw) •' s:VMjBo(k2
, Mz, Mw) -2~Ma,B0(k2,Mw,Mw) 

+s~Ma,Bo(k2 ,0, Mw) 

0 M' ~Bo(k2 ,Mn,Mz) 
w 

0 Ma,Bo(k 2,Mn,Mw) 

-:i-B22 (k 2 ,Mn,Mz) -B22 (k 2,Mn,Mw) 0 0 
'w 

-4s~Bn(k2 , Mw, Mw) 
( :J :J ):1 •w-•w B (k• M M ) - c~ 22 ' w, W -2e(cw -•w)B,.(k',Mw,Mw) -B.,(k2

, Mz, Mw) 

2s~B22(k2 , Mw, Mw) 2cwB22(k2 , Mw, Mw) 2swcwB22 (k 2 ,Mw, Mw) 2cwB22(k2
, Mz, Mw) 

+2•ivB22(k2
, 0, Mw) 

-2s~A(Mw) -~[A(Mn) + A(Mz)) -e<cw- •w )A(Mw J -t(A(Mn) + A(Mz)] 

<•f-•k>' A(M ) -!A(Mw) 2c~ W 

Table 1: Bosonic contributions to the vector boson self energies 



Bosonic contributions: 

The bosonic contributions to the vector boson self energies consist of the loop di­
agrams involving the gauge boson self interactions, the Higgs boson together with 
its unphysical components, and the Faddeev-Popov ghost fields. They are listed 
synoptically in Table 1 for the/, Z, W self energies and the 1- Z transition. The 
result for each part is the sum of the entries in the corresponding column, times 
the factor indicated in the first line. The functions At. A2 appearing in table 1, are 
abbreviations for the following combinations of 1- and 2-point integrals: 

A,W,mt.m2) = A(m,)+A(m2)-(mi+m;+4k2)B0 (k2,m1 ,m2) 

2 ) 2 2 p -10B22 (k,mt.m2 +2(m1 +m2-3), 
A2(m) - -3A(m)-2m2. 

5.3 Electroweak parameter shifts 

We can now apply the results of 5.2 to discuss the contributions to the electroweak 
parameter shifts at the 1-loop level via the renormalization procedure. Such shifts 
are essentially the counter terms for the electric charge in Eq. (71) and for the 
electroweak mixing angle in Eq. (76). Since these counter terms are universal, 
they appear everywhere where in the lowest order expressions e resp. sin2 Bw is 
present. The shifts by the counter terms are not finite. However, their finite parts 
contain large terms which turn out to be the dominating contributions in the 1-loop 
corrections to the relations between the physical parameters. 

~a and effective charge: 

The charge counter term in Eq. (71) contains the photon vacuum polarization at 
k2 = 0. We split off the subtracted part evaluated at M~: 

IP(O) -ReiP(M~) + IJ'l'(O) + Re IJ'l'(M~) 
= -ReiP(M~) + Reii,.,(M~). (121) 

The subtracted quantity IP(M~), which is the renormalized vacuum polarization 
according to Eq.s (112,47,64), is UV finite. Its fermionic content can be split into 
a leptonic and a hadronic part: 

Heavy top quarks decouple from the subtracted vacuum polarization, as can be seen 
immediately from Eq. (114): 

(122) 
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vVhereas the leptonic content can easily be obtained from 

'~ 2 """" a (5 M~) Reiilept(Mz)= ~ 3rr 3-logm2 , 
l=e,~-t,r l 

(123) 

no light quark masses are available as reasonable input parameters for the hadronic 
content. Instead, the 5 flavor contribution to fi~ad can be derived from experimental 
data with the help of a dispersion relation 

'~ 2 a 2 ]."" , It'(s') 
IIhad(Mz) = 37r Mz 4m~ ds s'(s'- M~- ic:) (124) 

with 
lt'(s) = a(e+e- -->!*--> hadrons) 

a( e+e- --> /* --> 11+ J.C) 

as an experimental quantity up to a scale s1 and applying perturbative QCD for 
the tail region above s 1 • Using e+e- data for the energy range below 40 GeV the 
integral (124) yields [44] 

Re ITlad(so) = -0.0282 ± 0.0009 (125) 

for s0 = (92GeV)2. The error is almost completely due to the experimental data. 
Combining this result with the leptonic part one obtains 

' 2 Reii}erm(Mz) = -0.0595 ± 0.0009 for Mz = 91.187GeV. (126) 

This finite quantity arising from the light fermion loops is independent of the struc­
ture of the electroweak model. It corresponds to a QED induced shift 

(127) 

in the electromagnetic fine structure constant: 

a -+ a(1 + b.a) 

which can be resummed according to the renormalization group accommodating all 
the leading logarithms of the type an logn(Mz/mi ). The result is an effective fine 
structure constant at the Z mass scale: 

1 
(128) 

128.9 ± 0.1 . 

The p-parameter: 

The p-parameter, which in the Standard Model is unity at the tree level, gets a 
deviation b.p from 1 by radiative corrections. p has been defined as the ratio of the 
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neutral to the charged current strength in neutrino scattering. It is modified by the 
quantity !:ip in Eq. (119) yielding the expression (120) for the contribution of the 
top quark. A general doublet of fermions with masses m 1 , m 2 causes a shift of p by 
[45] 

a ( 2 2 2mim~ mi) !:ipferm = Nc 
16 2 2 M 2 m 1 + m 2 - 2 2 log - 2 7rswcw z m,- m2 m2 

(129) 

For the (t, b)-doublet, neglecting mb, Eq. (120) is recovered. 

It is important to note that this potentially large fermionic contribution to 
!:ip simultaneously constitutes the leading shift for the electroweak mixing angle 
according to Eq. (76) since there are no other terms ~ m} in the mass counter 
terms 6M"i, 6M'fv besides those which are k2-independent, hence leading to: 

(130) 

There is also a Higgs contribution to !:ip which, however, is not UV finite by itself 
when derived from the diagrams involving the physical Higgs boson only. From 
table 1 one obtains: 

9i 3 [ 2 M'fv ) 2 Mi 5 2 2 !:ipH = 
16

7r 2 • 
4

M'fv Mw(.6. -log 7 - Mz(.6. -log p2) + 6(Mz- Mw) 

MiM'fF MfF M'fvM'fF MfF] 
+ Mi- MfF log Mi - M'fv- Mk log M'fv . (131) 

From this expression the dependence on MH for large Higgs masses MH ~ Mw,z 
can be derived which, in contrast to heavy fermions, is only logarithmic [46]: 

9~ 3sw Mk .6-pu ~ --·--log--+··· 
161r2 4cw M'fv (132) 

In the limit sw -> 0, Mz -> Mw, where the U(1 )vis switched off, one finds !:ipu = 0. 
This is the consequence of the global SU(2)R symmetry of the Higgs Lagrangian 
('custodial symmetry'), which is broken by the U(1 )y group . .6-pH is thus a measure 
of the SU(2)R breaking by the weak hypercharge. 

In contrast to the top term ~ m;, the Higgs boson enters the shift of 
sin2 llw not exclusively through !:ip. There are additional Mu-dependent terms 
in 6M~,6M'fv besides the ones in I:ww(O) and I:zz(o). The same remark holds for 
logarithmic top terms ~ log( mtf Mw) which are not present in !:ip. 

The Mw - Mz interdependence: 

Incorporating the parameter shifts 

a-> a(1 + !:ia), s~-> s~ + c~!:ip 
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with ~a, ~p from Eq.s (120), (127) into the relation (28), we obtain the approximate 
correlation at 1-loop 

( 
M 2) ( 2 ) 

2 w ?ra cw 
Mw 1--2- = 1+~a--2-~p+··· Mz v'2G~ sw 

(133) 

between the vector boson masses and the other electroweak parameters a and G~, 
taking into account the large contributions from light and heavy fermions. The · · · 
indicate the residual terms belonging to the full calculation discussed in the next 
section. 

The NC couplings: 

In a similar way as done above, we obtain a universal shift in the overall normal­
ization of the NC coupling constants in Eq.s (36,37) 

e 
--t e [1 + ~ (~a_ c?v- sw ~p)] 

2swcw 2 sw 2swcw 

= ( v'2G~M~)tf2 [ 1 + ~Pl 
--t (.J2G~M~pJ)'I2 (134) 

The complete expressions for the normalization factor 

PJ = 1 + ~p+ ... 
and the effective mixing angle 

2 2 2 A sf= sw + cw'-'P + ... 

in the Z f f vertex between on-shell Z bosons and fermions will be be presented and 
discussed in the subsequent chapter on the Z resonance. 

6 The muon lifetime and the gauge boson masses 

6.1 One-loop corrections to the muon lifetime 

The interdependence between the gauge boson masses is established through the 
accurately measured muon lifetime or the Fermi coupling constant G~, respectively. 
Originally, the p-lifetime r~ has been calculated within the framework of the effective 
4-point Fermi interaction. If QED corrections are included one obtains the result 
[47] 
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The leading 2nd order correction is obtained by replacing 

( 
2a m ) a -+ a 1 + - log -" . 
3rr me 

This formula is used as the defining equation for G" in terms of the experimental 
!'-lifetime. In lowest order, the Fermi constant is given by the Standard Model 
expression (26) for the decay amplitude. In 1-loop order, G"j,fi is identified with 
the expression 

ez [ f;ww (0) ] 
Ssft.Mw 1 + MA, + 8va 

e2 
z 2 [1 + .6.r} . 

SswAfw 
(136) 

The quantity .6.r( e, Mw, i\1z, Mn, m f) is the UV and IR finite electroweak 1-loop 
correction to the muon decay amplitude in the Standard Model. Eq. (136) is the 
correlation between the vector boson masses and the other electroweak precision 
parameters a and Gw Due to the presence of m,, Ain in .6.r, this correlation becomes 
dependent on experimentally unknown quantities at the 1-loop level. 

tww (0) is the renormalized W self energy from ( 4 7), evaluated at P = 0, with the 
counter terms specified in (64). The term 

a ( 7- 4s?v 2 ) 8va = -
4 2 6 + 

2 2 logcw 
rrsw sw 

( 137) 

summarizes the vertex corrections and box diagrams in the decay amplitude, more 
explicitly shown in Figure 3. A set of infra-red divergent "QED correction" graphs 
has been removed from this class of diagrams. These left-out diagrams, together 
with the real bremsstrahlung contributions, reproduce the QED correction factor of 
the Fermi model result in Eq. (135) and therefore have no influence on the relation 
between G" and the Standard Model parameters. 

8v a has the structure 

8 = pwev + pw"" _~IT"'_ ~fJ"v + 8 VB 2 2 ~ (138) 

with the following ingredients: 
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to the 1-loop amplitude for fl -+ v~eii,. For the Hi ev-verte1· the analogous sample of 

vertex corrections is present as well. Omitted are the ··QED"' diagrams with a photon 

in the external charged lepton lines and the photonic ve1·tex correction to the Fermi 

amplitude is subtracted from the box diagram with photon exchange 
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• the CC 1-loop form factors renormalized according to Eq. (59) 

where pWiv(O) is the form factor in the sum of the CC vertex correction 
diagrams evaluated at P = 0: 

A wev _ . e 
1 

(1 _ 1 ) pWev(O) 
~ - z 2V2sw ~ 5 . 

ozle) is the doublet field renormalization constant (66), evaluated from thee­
and f1 self energies without the virtual photon contribution (section 5.1). 

• the finite wave function renormalization for the e and f1 neutrino with 

• the sum Obox of the massive box diagrams and the 1W-box with the IR sub­
traction as indicated in Figure 3. 

Inserting the explicit expressions (64) into Eq. (136), the result for L'l.r gets the 
following representation: 

L'l.r = IP(O) _ c¥v (8M'i _ 8M'fv) z;ww(O)- 8M'fv 
sw Mi Mfi, + Mfi, 

cw z;-rz(o) a ( 7- 4s¥v 2 ) 
+2- M2 + -4 2 6 + 2 2 log cw . sw z 1l'Sw sw 

(139) 

All formulae required for calculating the quantities in Eq. (139) can be found in 
section 5.2. 

By means of Eq.s (121) and (126) the fermionic part of the photon vacuum 
polarization IP(O) can be made explicit in L'l.r. There is also the contribution from 
a heavy top quark in terms of L'l.p which enters through the relation (130) with 
L'l.p given in Eq. (120). As can be seen from Eq. (139), there are no other large 
or potentially large terms in L'l.r besides those associated with L'l.a and L'l.p. When 
restricting to these two entries only, we recover the result already found in (133) 
by the discussion in section 5.3. Now we are able to write the following complete 
expression for L'l.r giving special emphasis on the dominant fermionic contributions: 

c2 
L'l.r = L'l.a - ~ L'l.p + ( L'l.r )remainder • 

sw 
(140) 

L'l.a, Eq. (127), contains the large logarithmic corrections from the light fermions 
and L'l.p the leading quadratic correction from a large top mass. All other terms are 
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collected in the (L'>.r)remaind"· It should be noted that the remainder also contains 
a term logarithmic in the top mass with a large coefficient: 

)
top a (c?v 1) m, 

(L'l.r remainder = - 47rs?v s?v - 3 log Mz + · · · (141) 

Also the Higgs boson contribution is part of the remainder. For large MH, it 
increases only logarithmically as it was already observed in the discussion of the 
p-parameter: 

(L'>.r)fligg• ~ a . .!:..!:_ (log Mfi - ~) 
remainder - 161Ts?v 3 Mfi,r 6 (142) 

The typical size of (l>.r)remainder is of the order~ 0.01. 

6.2 Higher order contributions 

For a top mass of 90 GeV the 1-loop quantity L'l.r is of the size 0.06 - 0.07 and we 
expect a 2-loop contribution typically ofthe order (L'l.r) 2 ~ 0.005. This corresponds 
to a shift in theW mass of about 90 GeV which is the precision of the Mw measure­
ment at LEP 200 and signals the need of going beyond the first order corrections 
in Eq. (136). 

(i) Summation of large L'l.a terms: 

The replacement of the L'l.a-part 

1 
1 + L'l.a -+ ---

1 - L'l.a 

of the 1-loop result in Eq. (140) was already discussed in the context of the effective 
electromagnetic charge (128). It correctly takes into account all orders in the leading 
logarithmic corrections (L'>.a)n, as can be shown by renormalization group arguments 
[48] The evolution of the electromagnetic coupling with the scale fJ. is described by 
the renormalization group equation 

da f3o 2 p.-=--a 
dp. 27r 

with the coefficient of the 1-loop (3-function in QED 

4 "' 2 f3o=-3L..Q!. 
Nt 

(143) 

(144) 

The solution of the RGE contains the leading logarithms in the resummed form 
as given in Eq. (128). It corresponds to a resummation of the iterated 1-loop 
vacuum polarization to all orders. The non-leading QED-terms of next order are 
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numerically not significant. Thus, in a situation where large corrections are only 
due to the evolution of the electromagnetic charge between two very different scales 
set by m1 and Mz, the resummed form 

G _ 1ra 1 1ra 1 
~ - /2Ma.sw 1 - ~r - /2M~cwsw 1 - ~r 

(145) 

with ~r in Eq. (140) represents a good approximation to the full result. 

(ii) Summation of large ~p terms: 

In case of a heavy top, where also ~pis large, the powers (~p)n are not 
correctly resummed in Eq. (145). A result correct in the leading terms up to O(a2

) 

is instead given by [49] by the independent resummation 

1 1 1 
.,-1---.,.--"r --> 1 A • c' + ( ~r )remainder 

'-" - ua 1 + =~-~ p 
(146) 

where 

(147) 

incorporates the result from 2-loop 1-particle irreducible diagrams. For light Higgs 
bosons MH « m 1, where MH can be neglected, the coefficient 

(148) 

was first calculated by Hoogeveen and van der Bij [50] and was recently confirmed 
by Barbieri et al. [51]. The general function p(2l, valid for all Higgs masses, has 
been derived in [51]. For large Higgs masses MH > 2m, a good approximation is 
given by the asymptotic expression with r = (mt/MH) 2 [51] 

49 27 3 4 + 7r
2 + z-log r + zlog

2 
r 

+i ( 2 - l27r2 + 12log r- 27log2 r) 
r2 

+ 
48 

( 1613 - 2407r 2 
- 1500 log r - 720 log2 r) (149) 

Figure 4 shows the function p(z) together with the asymptotic formula. Except for 
very small Higgs masses, the results deviate significantly from the approximation 
for MH--> 0. 
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Fig. 4: The function p(2
) in Eq. (147}, from {51}. 

With the resummed p-parameter 

1 
p = -=---~ 1 - 6.p 

(150) 

Eq. (146) is compatible with the following form of the Mw - Mz interdependence 

11' a(M~) 
G~ = '2 ( M' ) • [1 + (6..r)remainder] . 

Y"- M(v 1- pM~ 
(151) 

• 
It is interesting to compare this result with the corresponding lowest order Mw -1'vfz 
correlation in a more general model with a tree level p-parameter p0 f 1: the tree­
level p0 enters in the same way as the p from a heavy top in the minimal model. 
The same applies for the quadratic mass terms from other particles like scalars or 
additional heavy fermions in isodoublets with large mass splittings. Hence, up to 
the small quantity (6.r)cemaindero they are indistinguishable from an experimental 
point of view ( 6.a is universal). In the minimal model, however, p is calculable in 
terms of m, i\1H whereas p0 is an additional free parameter. 
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(iii) QCD corrections for heavy top: 

Virtual gluons contribute to the quark loops in the vector boson self-energies at the 
2-loop level. For the light quarks this QCD correction is already contained in the 
result for the hadronic vacuum polarization from the dispersion integral, Eq. (124). 
Fermion loops involving the top quark get additional 0( <><>s) corrections which have 
been calculated perturbatively [52]. The dominating term for heavy top quarks is 
of the form a.am~ and represents the QCD correction to the leading m~ term of 
the p-parameter: 

(152) 

This leading term already gives a sufficiently good approximation. This can be 
quantified in terms of a maximum deviation of Mw from the result based on the 
exact formulae which is less than 20 MeV. For heavy top masses the approximation 
becomes even better. As one of the 2-loop irreducible contributions to p, /':;.p""' 
has to be incorporated into /':;.p and resummed together with the electroweak 2-
loop irreducible term as indicated in Eq. (151 ). Non-perturbative QCD effects in 
the gauge boson self energies associated with the tl threshold can be estimated 
with help of dispersive methods [53]. Expressed in terms of Mw, they shift the 
perturbative result by about +40 MeV for m, = 250 GeV; form, < 200 GeV the 
influence on Mw is smaller than 25 GeV. 

(iv) Non-leading higher order terms: 

The modification of Eq. (146) by placing (/':;.r)rema;nder into the denominator 

1 1 
-> 2 

1- /':;.r (1- /':;.a)· (1 + -i"!':;.p) - (!':;.r)rema;nder 
•w 

(153) 

correctly incorporates the non-leading higher order terms containing mass singular­
ities of the type a 2 !og(Mz/mt) [54] 

The treatment of the higher order reducible terms in Eq. (153) can be further 
refined by performing in ( /':;.r )rema;nder the following substitution 

(154) 

in the expansion parameter of the combination 

(8M~ _ 6M&,) _ /':;.p 
Mz Mz z w 
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after cancellation of the UV singularity in the combination (139) or in the MS 
scheme with Jl = Mz. This is discussed in [55] and is equivalent to the method 
described in [28] as well as to the recipe given at the end of ref. [49]. Numerically 
this modification is of some importance in the Mw-Mz correlation for very heavy 
top quarks above 250 GeV. As an example, form,= 300 GeV one obtains a change 
in Mw by about 40 MeV. 

A general comment, however, is in order: The refined treatment of the non­
leading reducible higher order terms can be considered as an improvement only in 
case that the 2-loop irreducible non-leading terms are essentially smaller in size. 
Irreducible contributions of the type aG ~mf log( mt/ M z) are unknown, and one 
has to rely on the assumption that the suppression by 1/ Nc relative to the 2-loop 
reducible term is not compensated by a large coefficient. For bosonic 2-loop terms 
reducible and irreducible contributions are a priori of the same size and one does not 
gain from resumming 1-loop terms. In order to be on the safe side, the differences 
caused by the summation of non-leading reducible terms should be considered as a 
theoretical uncertainty at the level of 1-loop calculations improved by higher order 
leading terms. 

6.3 Numerical results and experimental data 

The correlation of the electroweak parameters, complete at the one-loop level and 
with the proper incorporation of the leading higher order effects, is given by the 
following equation: 

2 ( M(v) Mw 1- M'i 
~a 1 

- ../2G~ . (1- 6-a) · (1 + ~6-p) 
•w - ( f::l.r )remainder 

1 
../2G~ . 1- 6-r · (155) 

The 6-r in Eq. (155) is an effective quantity beyond the 1-loop order, introduced 
to obtain the formal analogy to the naively resummed first order result in Eq. 
(145). 6-p includes the 2-loop irreducible electroweak and QCD corrections to the 
p-parameter: 

(156) 

The correlation (155) allows us to predict a value for the W mass after the other 
parameters have been specified. These predicted values for Mw are put together in 
table 2 for various Higgs and top masses. The present experimental value for the 
W mass from the combined UA2 and CDF results [2] is 

Mw" = 80.14 ± 0.26 GeV. (157) 
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m, Mu = 60 100 300 1000 
90 79.952 79.925 79.854 79.760 
120 80.109 80.082 80.010 79.915 
150 80.275 80.248 80.173 80.078 
180 80.462 80.433 80.355 80.257 
210 80.674 80.643 80.557 80.454 
240 80.912 80.879 80.783 80.671 

Table 2: TheW mass Mw as predicted by the Standard Model for Mz = 91.187 GeV 
and various top and Higgs masses, based on Eq. (155). The refinement described in 
Eq. (154) was taken into account. Nonperturbative QCD effects associated with the 
tt threshold have been neglected. All masses are in Ge V 

We can define the quantity t.r also as a physical observable by 

JrQ 1 t.r = 1 - -- --,--------,,-
../2G~ MAr (1- ~!) . (158) 

Experimentally, it is determined by Mz and the ratio Mw/Mz. Theoretically, it 
can be computed from Mz, G~, a after specifying the masses Mu, m 1 by solving 
Eq. (155). In Figure 5 we display the prediction for t.r as a function of m, in 
various steps: the first order calculation based on Eq. (145) with the lowest order 
Ll.r, then including the electroweak higher order terms on the basis of Eq. (146), 
and finally including also the QCD corrections related to m 1• Both electroweak and 
QCD higher order effects yield a positive shift to D.r and thus diminish the slope 
of the first order dependence on m 1 for large top masses. The effect on t.r coming 
from the modified p(2) in Eq. (147) for large Mu is shown in Figure 6. It causes an 
additional weakening of the sensitivity to m 1 for large Higgs masses. 

The theoretical prediction for t.r for various Higgs and top masses is dis­
played in Figure 7. For comparison with data, the experimental 1o- limits from the 
direct measurements of Mz at LEP and Mw / Mz in pp are indicated. The exper­
imental input from LEP [1, 4] and from the combined UA2 and CDF results [2] 
IS 

Mz = 91.187 ± 0.007GeV, s~ = 0.2275 ± 0.0052. 

For Mu < 1 TeV these results constrain the top mass to the range m, < 203 GeV 
at the lo- level. The present experimental error does not allow a sensitivity to the 
Higgs mass. Precision measurements of Mw at LEP 200 will pin down the error 
to tit.r = 0.006 (0.004 with high luminosity). This would determine m, with an 
accuracy of about tim, = 10 GeV. A still inherent uncertainty from the unknown 
Higgs mass (with Mu > 60 GeV), however, would give an an additional theoretical 
error of ±17 GeV. The expected precision in the determination of t.r matches the 
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Fig. 5: b.r in O(a) (dotted), in O(a2
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Fig. 6: b.r in O(a2 + aa,) for MH = 1 TeV with the Higgs dependent p-parameter 
(full) and the approximation (148) (dashed). Mz = 91.187 GeV 
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Fig. 7: ~r as a function of the top mass for MH = 60,1000 Ge V (lower. upper· line). 
Mz = 91.187 ± .007 Ge V. 1<7 bounds with s~, = 0.2275 ± 0.0052 from combined U.4.2 
and CDF results {2}. 
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Fig. 8: Sensitivity of the top mass bounds fr·om ~r on the Higgs mass. The allowed 
m 1 range is betu·een the curres. The bound on m 1 from the direct search is also 
indicated. 
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size of (f>.r )remainder and thus will provide some sensitivity also to the Higgs mass 
in case that the top quark would be discovered experimentally. For virtual Higgs 
effects, however, the observables from the Z resonance are more suitable. 

The bounds on m1, following from the experimental constraint 

(f>.r )exp = 0.0489 ± 0.0153 

depend on the Higgs mass. This dependence is illustrated in Figure 8 . The allowed 
m, range is further restricted by the bound [10, 11] from the direct search. 

7 Renormalization schemes 

In a Quantum Field Theory like the electroweak standard model the starting point 
for perturbative calculations is the Lagrangian with a set of free mass and coupling 
parameters. The general discussion of renormalization in Quantum Field Theory 
has shown that the freedom in parametrizing the theory can be used to introduce 
convenient renormalization constants, or counter terms, equivalently, and to absorb 
the divergences in the calculation of S-matrix elements or Green functions. It is 
also possible to deal with the bare parameters of the theory for relating measureable 
quantities to each other, but the bare parameters are cutoff dependent and hence 
have no simple physical interpretation. 

A renormalization scheme is a choice of definite procedures for dealing with 
the parameters of the theory, together with the infinities from the loop amplitudes, 
in terms of measureable physical quantities. In a more general sense, it comprises 
the choice of the regularization procedure, the way of treating field renormalization, 
the specification of the gauge fixing terms and the respective FP ghost part, and a 
set of prescriptions how the formal parameters can be measured. 

Before one can make predictions from the theory, a set of independent pa­
rameters has to be determined from experiment. This can either be done for the 
bare quantities or for renormalized parameters which have a simple physical in­
terpretation. In a more restrictive sense, a renormalization scheme characterizes 
a specific choice of experimental data points to be used as input defining the ba­
sic parameters of the Lagrangian in terms of which the perturbative calculation of 
physical amplitudes is performed. 

Predictions for the relations between physical quanti ties do not depend on 
the choice of a specific renormalization scheme if we perform the calculation to all 
orders in the perturbative expansion. Practical calculations, however, are obtained 
from truncated perturbation series, making the predictions depend on the chosen 
set of basic parameters and thus leading to a scheme dependence. 

Differences between various schemes are formally of higher order than the 
one under consideration. To make this obvious, we consider a simplified model with 
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only a single coupling paramater a. Calculation of a 1-loop amplitude for a process 
with the lowest order amplitude M(o) = a 2 A 0 yields 

M(t) = a 2 A 0 [1 + ba]. 

In another scheme with a' different from a by a 1-loop term 

a'= a [1 + aa] 

the result is 
M'(') = a'2 A0 [1 + b' a']. 

After insertion of a', with b' = b- 2a, one gets 

Without an explicit calculation of the O(a2) correction the difference M'(t)- M(l) 
has to be considered as an uncertainty. The study of the scheme dependence of the 
perturbative results, after improvement by resumming the leading terms, allows us 
to estimate the missing higher order contributions. 

Parametrizations or 'renormalization schemes' frequently used in electroweak cal­
culations are: 

1. the on-shell (OS) scheme with 

2. the G~ scheme with the basic parameters 

3. the low energy scheme with the mixing angle as a basic parameter defined in 
neutrino-electron scattering: 

4. the *scheme where the bare parameters e0 , Cf/., 8~ are eliminated and replaced 
in terms of dressed running (P-dependent) parameters 

5. the MS-scheme. 

Some details on the M S scheme will be given in the next subsection, followed by a 
brief discussion of the other renormalization schemes. 
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7.1 The MS-scheme 

The modified minimal subtraction scheme (MS-scheme) [32, 33, 34, 35] is one of 
the simplest ways to obtain finite 1-loop expressions by performing the substitution 

2 
--l+log47r+logp2

-> iogp~8 t 

in the divergent parts of the loop integrals, Eq. (95). Formally, theM S self energies 
and vertex corrections are obtained by splitting the bare masses and couplings into 
M S parameters and counter terms 

Mo2=M-2+<M-2, -+c-u e0 = e ue, 

where the counter terms together with field renormalization constants 

are defined in such a way that they absorb the singular parts proportional to 

2 
Ll = - - 1 + log 471" . 

t 

(159) 

As a consequence, self energies and vertex corrections in the M S-scheme depend on 
the arbitrary scale p. 

Perturbative calculations start from the Lagrangian with the formal M S parameters 

.C(e,Mw,Mz, ... ). 

The M S parameters fulfill the same relations as the corresponding bare parameters. 
In particular, the mixing angle in the MS-scheme, denoted by 82, can be expressed 
in terms of the M S masses of W and Z in the following way: 

-2 s (160) 

The relation of the MS parameters to the conventional OS-parameters is obtained 
by calculating the dressed vector boson propagators and the dressed electron-photon 
vertex in the Thomson limit in the MS-scheme and identifying the poles with the 
OS masses and the electromagnetic coupling with the classical charge. 
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• The MS charge: 

The MS analogon of the OS charge renormalization condition Eq. (71) reads: 

• (1- ~ rr:r_(o) + ~ E~(o)J = e 2 MS c M~ e. (161) 

The l.h.s. is the coupling constant of the dressed electromagnetic vertex in the 
Thomson limit which has to be identified with the classical charge. 

The M S self energies in Eq. (161) read explicititly: 

II~8(0) 

A'(O) 

• E~(O) ~ MS 

c £/2 z 

•2 

1;7!"2 A'(O), 

4 f1 2 M 2 2 - 3 I; Q} log m2 + 3 log ,"; - 3, 
f f r 

·2 M2 e w = --log-. 
87r2 !12 

(162) 

A natural scale for electroweak physics is given by f1 = Mz. Hence, the correlation 
between e and e involves large logarithms from the light fermions which can be 
resummed according to the RGE (143). The bosonic terms are small. Resummation 
leads to the relation 

1 + ,::2 [Ary(o) + 4 log ~r] · (163) 

Inverting this equation yields the M S charge expressed in terms of the OS charge 

2 
•2 e e -

- 1- ,~:2 [A~(o) + 4 log ~r] · (164) 

Choosing f1 = Mz we can evaluate the expression in (165) to obtain the MS fine 
structure constant at the Z mass scale 

• a 
a= 

1-~& 
(165) 

with the value 

. Sa m1 a (7 2 1) ~a = 0.0684 ± 0.0009 - -log - + - -log cw - -
97r Mz 21r 2 3 

(166) 

The first term is due to the light fermions. It can be obtained from the quantity in 
Eq. (127) by adding the constant term 

a (5 55 as ) - - + -(1+ -) 
7r 3 27 7r 
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The uncertainty in Eq. (166) is the hadronic uncertainty of ~a in Eq. (127). 

a has to be distinguished from the effective charge at the Z scale introduced 
in Eq. (128) which contains only the light fermion contributions. A heavy top quark 
decouples in ~a according to Eq. (122), but does not decouple in ~a. Numerically 
one finds 

a(M~)- 1 128.8 ± 0.1 
(a)- 1 

_ 127.8 - 128.o ± 0.1 (167) 

The variation in a in Eq. (167) corresponds to a top mass range from m, = 90 GeV 
to 250 GeV. 

• The MS masses: 

The M S mass parameters M(v, M'J: enter the corresponding transverse propagators 
together with the self energies as follows (V = W, Z): 

1 
Dv = ----,,~--~~--

k2- M~ + EiJs(k2) 
(168) 

The OS-masses fulfill the pole conditions 

M~- M~ + ReL:iJs(M~) 0 (169) 

yielding M~ expressed in terms of the OS-masses: 

(170) 

The mass parameters M~ are JL-dependent. We can choose Jl = Mz as the natural 
scale for electroweak calaculations, as done also for a. 

The self energies EMs are obtained from the expressions given in section 5.2 
by dropping everywhere the singular term ~ and substituting 

' ' ' e ---+ e, sw ---+ s, cw ---+ c 

in the couplings, with c2 = 1- 82
• It is convenient to remove the overall normaliza­

tion factors and to write for the real parts: 

ReL:ww 
MS 

ReL:zz 
MS 

'2 e 2 
~Aw(k ), 
s 

e_2 2) 
= ,

2
,
2 

Az(k . 
s c 
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• The MS mixing angle: 

The mixing angle 82 in the MS-scheme, defined in Eq. (160), can be related to the 
OS mixing angle sw = 1- Mlv/M} by substituting Mlv,z from Eq. (170), yielding 

-2 2 2 X 
S = sw + Cw MS' c? = cw (1- XMs) 

with 
__ e2 

(Aw(Mlv) _ Az(M})) 
XMs - ·2 M2 •2M2 s w c z 

Making use of the property 

the relation (172) can simplified: 

(
1- e_2 Az(M})) -t 

·2 ·2M2 s c z 

• 2 2 e2 Az(M})- Aw(Mlv) 
s = sw + ,52 

(172) 

(173) 

(174) 

The leading 2-loop irreducible contributions are incorporated by adding in (174) 
the extra term cW 6..p(2) with 6..p(2) from Eq. (156). 

Eq. (174) determines 82 in terms of the OS parameters. e2 has to be taken 
from Eq. (164) or (165), respectively, for Jl = Mz. Numerical values for l? (with 
Jl = Mz) are listed in table 3 together with the corresponding values for the OS 
counter part sw. 

One can obtain 82 also in a more direct way from the experimental data 
points a, G,., Mz, without passing first through the OS-calculation, by deriving the 
effective Fermi constant in the MS-scheme 

1 
(175) 1-M 

where 

e2 Aw(O)- Aw(Mlv) 8 
= '7:2 M2 + VB, s w 

----~~--~~~----~loge~ , _ ~ [6 + 7- 5sw + s2(3cw/c2 -Jo) ] 
47r.SZ 2sw (176) 

together with 

-2 -Mz - c p z, 

p - 1 
(177) 
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I m, (GeV) I MH (GeV) I 
90 60 0.2312 0.2335 
90 300 0.2331 0.2343 
90 1000 0.2349 0.2350 

120 60 0.2282 0.2329 
120 300 0.2301 0.2338 
120 1000 0.2319 0.2345 
150 60 0.2250 0.2322 
150 300 0.2270 0.2330 
150 1000 0.2288 0.2337 
180 60 0.2214 0.2312 
180 300 0.2235 0.2321 
180 1000 0.2254 0.2328 
210 60 0.2173 0.2301 
210 300 0.2196 0.2311 
210 1000 0.2215 0.2318 
240 60 0.2127 0.2289 
240 300 0.2152 0.2299 
240 1000 0.2173 0.2307 

Table 3: The mixing angles s~v and 82 in the on-shell and in the M S-scheme for 
Mz = 91.187 GeV and various top and Higgs masses. 

For given parameters a, G~, Mz, m" MH the solution of this set of equations yields 
the quantities .5 2 , p together with Mw. l:>f is a small correction and has only a mild 
dependence on the top and Higgs masses. For the m,, MH range allowed in Figure 
8 one has 

t:.i' = 0.0050 ± 0.0034 (178) 

where the variation is due to the unknown mass parameters. 
The term Sv B in l:>f is the vertex and box correction to the muon decay 

amplitude in the MS-scheme [34]. The given expression refers to a mixed MS 
- on-shell calculation of the loop diagrams where M S-couplings are used but on­
shell masses in the propagators. Numerically the differences to the corresponding 
expression exclusively with MS parameters is insignificant ( < 3 · 10-4 ). The main 
difference to the on-shell quantity livB in Eq. (137) (besides the parametrization) is 
the extra additive term 

a 
--loge~= 

7r 

, M2 a w --log-
?r /1-2 

for /1- = Mz 

arising from the UV singularity in the sum of the diagrams. 
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The Standard Model prediction for s2 following from the mass range m, > 
90 Ge V and 60 Ge V < MH < 1000 Ge V together with the constraint from the 
experimental values for Mz, Mw is given by 

82 = 0.2330 ± 0.0016. (179) 

This includes the uncertainty induced by the hadronic vacuum polarization in Eq. 
(166) resp. (126). 

The M S quantities &, s2 are formal parameters which have no simple relation 
to physical quantities. The interest in these parameters is based on two important 
features: 

• They are universal, i.e. process independent, and take into account the univer­
sal large effects from fermion loops. Expressing the NC coupling constants for 
the Z f f vertices in terms of&, 82 yields a good approximation to the complete 
results (134): 

•2 

4 ~2 '2 (1 + 8flt ), 
8 c 

8 2 •2 + c•2 
1 - 8 vs1 . (180) 

The flavor dependent residual corrections 8 Pi and 88} are small and practically 
independent of m, and MH. An exception is the Zbb vertex, where also non­
universal large top terms are present [56]. 

• The knowledge of the values for & and 82 at the Z scale allows the extrapolation 
of the SU(2) and U(l) couplings 

(181) 

to large mass scales and, together with the strong coupling constant a 8 (p2) 
in the MS-scheme, to test scenarios of Grand Unification. In particular the 
minimal SU(5) model of Grand Unfication predicts with a and a. as input 
[57]: 

·2 (M2) 0 2102+o.oo37 8 SU(5) Z = · -0.0031 

which is in disagreement with the result (179). Supersymmetric models of 
Grand Unification, however, are in favor [57, 58]. 

7.2 Other renormalization schemes 

We briefly address the other renormalization schemes mentioned in the beginning 
of section 7. We restrict this discussion to parameter renormalization only. 
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• The G~-scheme: 

The eM-scheme [30] with the parameters 

treats G~ as a basic parameter to be renormalized instead of the ~V mass. The 
counter terms, which appear in the bare quantities 

e0 = e + 8e, M~2 = M3; + IJM~, G~ = G~ + IJG~ (182) 

after separating off the renormalized parameters, are determined by the on-shell 
conditions for e and Mz as in the OS-scheme. The renormalization condition for 
G~, which replaces the on-shell condition for Mw, defines G~ as the experimental 
Fermi constant, thus fixing the counter term IJG~ by the requirement of absorbing 
the 1-loop contribution to the p-decay amplitude: 

(183) 

The mixing angle is a derived quantity following from the exact relation between 
the bare quantities 

2 
2 2 eo 

soco = 4 f2co NJ02 (184) 
v" ~ z 

by the one-loop expansion according to (182) 

(185) 

with the counter term in the decomposition s5 = s 2 + 8s2 

(186) 

The physical Wmass is obtained from the pole condition for the W-propagator as 
the solution of the equation 

with 

IJM(v = 
M(v 

(187) 

(188) 
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Because of the large effects associated with the renormalization of e, s2 is a bad 
approximation for the mixing angle in the perturbative expansion. The improved 
mixing angle 

-2 1 ( s = 2 1- (189) 

with a(M~) from Eq. (128) includes the resummed large contribution from the light 
fermions and is hence a better starting point for perturbative calculations. Making 
use of .52

, one has simultaneously to subtract L'>.a from the charge renormalization 
counter term and replace in Eq. (187) 

• The low energy scheme: 

2oe -+ 

e 

8e 
2-- L'>.a. 

e 
(190) 

The scheme withe, G~, sin2 Ov, (31, 32] exclusively deals with parameters related to 
low energy experiments. The mixing angle sin2 Ove = sz, is treated as a fundamental 
parameter determined from v-e scattering in terms of the ratio 

R = a(v~e-+ v~e) = (1- 4s~,) 2 + (1- 4s~,) + 1 . 
a(v~e-+ v~c) (1- 4s~,)2- (1- 4s~,) + 1 

(191) 

The renormalization of e and G~ is the same as in the G~-scheme. For renormalizing 
s~., the counter term in s5 = s~, + 8s~, is fixed by the condition that 8s~, absorbs 
the 1-loop contribution 8R(l) to the ratio R: 

R(s~, + 8s~,) + 8R(l) = R(s~,). (192) 

Taking the experimental result Rexp yields a numerical value for s~,. 

Both vector boson masses are derived quantities following from the pole 
conditions for Wand Z: 

MJv- miv- 8MJv + Rei:ww(Mtv) = 0, 

(193) 

with 
2 

mw= "' ' 
y 2G~s~e 

(194) 

and 

8M'fv 
M2 = 

w 

8e 8G~ 8s~, 
2-----

G 2 ' e J.t sve 

8M2 __ z 
M2 z 

(195) 
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A slightly modified version of this scheme was used in [32]. There the condition 
(192) was imposed in the M S renormalization prescription 

R(s2 ) + 6R(tl = R ve exp 

yielding the M S- version s~e of the low energy mixing angle. 

• The * scheme: 

The bare parameters of the Standard Model can be eliminated in a formally different 
way [36, 37] by introducing a set of 4 effective parameters 

e.(s), s~(s), G~.(s), p.(s), (196) 

where in the minimal model only three are independent. These running parameters 
( s = k2

) contain the real parts of the self energies. They are arranged in such a way 
that the amplitude for a 4-fermion process with self energy corrections is obtained 
from the Born amplitude by the formal replacement 

(197) 

supplemented by the corresponding imaginary parts. When the physical input is 
taken from the experimental data points a, G~, Mz, the result for the 4-fermion 
scattering amplitudes is identical to that of the conventional on-shell scheme with 
self energy corrections after the 2-loop 1-particle irreducible leading contributions 
are built in. 

In the following we give the relation between the conventional expressions of 
section 3.3 and the corresponding ones in terms of the * -parameters. For a more 
detailed dicussion of the propagator corrections in the on-shell scheme we refer to 
the section on e+ e- annihilation. 

on-shell * (198) 

1 + Rel}r(s) 
+-+ e~(s) 

2 fr-rZ(s) 
sw- swcw Re -

1+Il"(s) 
+-+ s~(s) 

e2 1 1 

s?v. s-M?v+EWW(s) 

1 
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The quantities f.z(s), r.w(s) correspond to the imaginary parts of the Z and W 
self energies. The relation to the physical Z width (and similar for W) is given by 

fz = r.z(M~) + tlfz 

1 + "· 
where tlfz denotes the corrections to the Z width in O(a2

) not of the self energy 
type (vertex, QED and QCD corrections), discussed in the next chapter, and "• is 
determined by the residue of the Z propagator in (198): 

s- e~ 1 ( 2 ) ( ) 22 r.; = s- Mz · 1 + "• . 
s.c. 4v2G~·P• 

The zero of the l.h.s. corresponds to the physical Z mass. 

The * star arrangement as well as the on-shell one with resummation of the 
self energies contain higher order terms which are in general not gauge invariant. 
The leading terms, however, arise from light and heavy fermions which belong to the 
gauge invariant subclass of fermion loops, and the resummation yields the reducible 
higher order terms to all orders. The bosonic loop contributions on the other hand 
give gauge invariant results only when they are combined with vertex and box 
diagrams of the same order in a physical matrix element. They have always to be 
understood as expanded to one-loop order when appearing in formally higher order 
expressions. In the 't Hooft-Feynman gauge the numerical differences are irrelevant; 
in the unitary gauge, however, the individual contributions become divergent. 

7.3 Uncertaintie3 of theoretical prediction' 

In order to establish in a significant manner possibly small effects from unknown 
physics we have to know the uncertainties of our theoretical predictions which have 
to be confronted with the experiments. 

The sources of uncertainties in theoretical predictions are the following: 

• the experimental errors of the parameters used as an input. vVith the choice 
a, G~, and Mz from LEP we can keep these errors as small as possible. The 
errors from this source are then determined by 8Mz since the errors of a and 
G~ are negligibly small. For any of the mixing angles with sw, 82 , s} 

8s2 22 8Mz 
(199) = 

s2 c2 - s 2 Mz 

one finds 
8s2 '::e 5 . 10-5 • 
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• the uncertainties from quark loop contributions to the radiative corrections . 
Here, we have to distinguish two cases: the uncertainties from the light quark 
contributions to t.a and the uncertainties from the heavy quark contributions 
to t.p. In both cases the uncertainties are due to strong interaction effects, 
which are not sufficiently under control theoretically. The problems are due 
to: 
(i) the QCD parameters. The scale of <>s and the definition and scale of quark 
masses to be used in the calculation of a particular quantity are quite ambigu­
ous m many cases. 
(ii) the bad convergence and/or breakdown of perturbative QCD. In particular 
at low q2 and in the resonance regions theoretically poorly known nonpertur­
bative effects are non-negligible. 

The theoretical problems with the hadronic contributions of the 5 known 
light quarks to t.a can be circumvented by using the experimental e+ e-­
annihilation cross-section CTtot(e+e--> "t* -t hadrons). The error [44] 

o(t.a) = ±0.0009 

is dominated by the large experimental errors in the continuum contributions 
to CTtat( e+ e- -> 1* -t hadrons) below the 1' threshold, and can be improved 
only by more precise measurements of hadron production in e+e- -annihilation 
in the corresponding low energy region. This uncertainty leads to an error in 
the W-mass prediction 

6Mw _ s~ o(t.r) 
Mw c~- s~ 2(1- t.r) 

of 8Mw = 17 MeV and 6 sin2 11 = 0.0003 in the prediction of the various weak 
n1ixing parameters s~, 32 , sJ. 

The contribution to t.p from quark doublets with large mass splitting exhibits 
large QCD corrections of the weak current quark loops. For a heavy top one 
finds 

with 

../2G~ 2 
t.p = --3m Kqcv + · · · 161r2 t 

l( 21r2 + 6 <>s 
QCD = 1- -

9 1r 

for asymptotically large m, [52]. The corrections obtained are not well deter­
mined numerically because it remains unclear which scale should be chosen 
for <> 8 • Also the ambiguity in the definition of m, has not been taken into 
account. 

65 



Again, the problem can be controlled better by using dispersion relations. In 
this approach, the remaining uncertainties in Ll.r 

{ 
0.0005 

6(Ll.r)qcD '.:::' 0.0015 · (mt/250GeV) 2 
m, < 150GeV 
m, > 150GeV 

(200) 

have been estimated in [59]. In the heavy top region, where the errors of Ll.r 
and Ll.p are correlated by 6(Ll.r) '.:::' c~/s~6(Ll.p), the uncertainties in the NC 
couplings in Eq. (134) can be estimated in terms of 6Ll..p. The error of the 
normalization turns out to be smaller than 5 · 10-4 , and for the mixing angle 
one finds 

6s2 < 0.00015. 

• the uncertainties from omission of higher order effects. After resummation 
of the leading terms, how large are the omitted higher order effects? Since a 
complete two-loop calculation has not been done, we only can guess how large 
such effects could be. In the calculation of Ll.r the difference is given, in the 
approximation we consider, by using different parameters in the evaluation of 
Ll.rrcmainder defined in Eq. (140). A supposedly conservative estimate of the 
error made by omitting the higher order effects has been given in [60]. 

h(LJ..r)highor-order = ±0.001 (201) 

which can be added quadratically to the hadronic errors. Explicit comparisons 
between OS and M S calculations [35] as well as between different versions 
of the OS scheme [61] for the Z resonance observables have shown to be 
well below the experimental uncertainties. The typical size of the theoretical 
uncertainty of improved one-loop calculations is thus around 0.001. 

8 Extension to larger theories 

We want to conclude this chapter with an outlook on renormalizable generalizations 
of the minimal model and their effect on electroweak observables. Extended models 
can be classified in terms of the following categories: 

(i) extensions within the minimal gauge group SU(2)xU(l) with Ptree = 1 

(ii) extensions within SU(2) X U(l) with Ptree op 1 

(iii) extensions with larger gauge groups SU(2) X U(l) X G and respective extra 
gauge bosons. 

Extensions of the class (i) are, for example, models with additional (sequential) 
fermion doublets, more Higgs doublets, and the minimal supersymmetric version of 
the Standard Model. 
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8.1 Paramatrization of self energy corrections 

If "new physics" would be present in form of new particles which couple to the 
gauge bosons but not directly to the external fermions in a 4-fermion process, the 
formulae for the self energies in section 3.3 are general enough that those effects can 
be built in by calculating the additonalloop diagrams. 

In order to have a description which is as far as possible independent of the 
special type of extra heavy particles, it is convenient to introduce a parametrization 
of the radiative corrections from the vector boson self-energies in terms of the static 
p-parameter 

6.p(O) 

and the combinations 

6.1 - -
1
-II3-r(Ml)- II33(Ml) 

sw 
6.2 II33(Ml)- rrww (M;t,) 

6.a rrn(o)- rr-r-r(Ml). 

The quantities in Eq. (203) are the isospin components of the self-energies 

- ...!:__ ( E3
"' - s?v E"'"') 

cw 

- -
1
- (E33 - 2sw E3-r + s2 E-r-r) cw w 

in the expansions 

(202) 

(203) 

(204) 

(205) 

The 6.-notation above has been introduced in [62]. Several other conventions are 
used in the literature: 

• The S, T, U parameters of [63] are related to (203) by 

1 
T = -6.p(O), 

a 
(206) 

• the E-parameters of [64] by 

(207) 
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• the h-parameters of (65] by 

1 47r 
hv = -Ll.p(O), hAz = 1o 2 t:., 

a v2G~Mw 
(208) 

• and the parameters of (67] by 

1 
Ll.p(O) = 1o Ll.p, Ll.3 = 

4v2G~ 
(209) 

The combinations (203) of self energies contribute in a universal way to the elec­
troweak parameters (the residual corrections not from self-energies are dropped 
since they are identical to the Standard Model ones): 

1. the Mw- Mz correlation in terms of Ll.r: 
c2 c2 s2 

Ll.r = Ll.a- ~ Ll.p(O) - w ~ w Ll.2 + 2Ll.1 
sw sw 

2. the normalization of the NC couplings at M~ 

Ll.pt = Ll.p(O) + Ll.z 

where the extra quantity 

drrzz 
Ll.z = M~ --;u:;z(M~) 

(210) 

(211) 

in (211) is from the residue of the Z propagator at the peak. Heavy particles 
decouple from Ll.z. 

3. the effective mixing angles 

s} = (1 + Ll.~<') .52, (212) 

with 
c?v Ll.1 

2 2 Ll.p(O) + 2 2 · 
cw- sw cw- sw 

(213) 

The finite combinations of self energies (202) and (203) are of practical interest 
since they can be extracted from precision data in a fairly model independent way. 
An experimental observable particular sensitive to Ll.1 is the weak charge Qw which 
determines the atomic parity violation in Cesium (66] 

Qw = -73.20 ± 0.13 - 0.82Ll.p(O) - 102Ll.1 

being almost independent of Ll.p(O). 

(214) 

The theoretical interest in the Ll. 's is based on their selective sensitivity to different 
kinds of new physics. 
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• ~a gets contributions only from light charged particles whereas heavy objects 
decouple. 

• ~p(O) is a measure of the violation of the custodial SU(2) symmetry. It is 
sensitive to particles with large mass splittings in multiplets. As an example, 
we have already encountered fermion doublets with different masses, see Eq. 
(129). Another example are the Higgs bosons of a 2-Higgs doublet model 
[69, 70, 71, 72] with masses MH+, Mh, MH, MA and mixing angles /3, a for the 
charged H± and the neutral h0 , H 0 , A0 Higgs bosons, yielding 

~p(O) = G~ [sin2(a- f3)F(M"fi+,Ml, M"fi) 
81!" 2 2 

+ cos2 (a- f3)F(M"fi+, Ml, M,;)j (215) 

with yz y xy x xz x 
F(x,y,z) = x +--log-- --log-- --log-. 

y-z z x-y y x-z z 

For either MH+ » Mneutral or vice versa one finds a positive contribution 

G ILM~eutral O or 10 >. 
81r2y2 

(216) 

Also a negative contribution 

is possible in the unconstrained 2-doublet model. 

• ~1 is sensitive to chiral symmetry breaking by masses. In particular, a doublet 
of mass degenerate heavy fermions yields a contribution 

(217) 

whereas the contribution of degenerate heavy fermions to ~p(O) is zero. Hence, 
~ 1 can directly count the number Ndeg of mass degenerate fermion doublets: 

~{ = 4.5 • 10-4 
• Ndeg· 

~1 also gets sizeable contributions from models with a large number of ad­
ditional fermions like in technicolor models. For example, ~1 ~ 0.017 for 
Nrc = 4 and one family of technifermions [63, 68]. 
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8.2 Models with Ptree =/- 1 

One of the basic relations of the minimal Standard Model is the tree level correlation 
between the vector boson masses and the electroweak mixing angle 

M2 
Ptree = ~ = 1. 

M~sin Ow 

Many extensions of the minimal model, like those discussed in the previous section, 
preserve this feature. 

The formulation of the electroweak theory in terms of a local gauge theory 
requires at least a single scalar doublet for breaking the electroweak symmetry 
SU(2)xU(1)-> U(1)em· In contrast to the fermion and vector boson part, very 
little is known empirically about the scalar sector. Without the assumption of 
minimality, quite a lot of options are at our disposal, including more complicated 
multiplets of Higgs fields. In general models the tree level p-parameter Ptree = p0 is 
determined by 

L vl[l;(I; + 1) - Jj,J 
Po= 2 " 2[2 

L...ti vi ai 

where v;, !,; are the vacuum expectation values and third isospin component of the 
neutral component of the i-th Higgs multiplet in the representation with isospin 
I;. The presence of at least a triplet of Higgs fields gives rise to p0 =J 1. As a 
consequence, the tree level relations between the electroweak parameters have to be 
generalized according to 

sin2 Ow -+ 

and 

2 Mfv 
so= 1- M2 

Po z 

8 2 2 M2 8 oCePo z 
Writing p0 = (1 - !:J.po)- 1

, we obtain for the mixing angle: 

for the overall normalization factor in the NC vertex: 

e ( r.; 2 ) 1/2 -
2

- = v2G,Mzpo , 
sece 

and for the Mw - Mz interdependence: 

2 ( Mfv ) Mw 1---2 
PoMz - 4..;2G,' 
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(218) 

(219) 

(220) 

(221) 

(222) 



in complete analogy to what we have found from the top quark loops. 

At the level of radiative corrections, a small 6.po may be included by 

for the lvfw-Mz correlation, and 

A 2 2 2 A 
Pt-+ Pi+ upo, sf-+ sf+ cwuPo 

for the normalization and the effective mixing angles of the Z f f couplings. 

(223) 

(224) 

A complete discussion of radiative corrections requires not only the calcu­
lation of the extra loop diagrams from the non-standard Higgs sector but also an 
extension of the renormalization procedure [73, 74]. Since Mw, Mz and sin2 Ow (or 
p0 , eqivalently) are now independent parameters, one extra renormalization con­
dition is required. A natural condition would be to define the mixing angle for 
electrons s~ in terms of the ratio of the dressed coupling constants at the Z peak 

9v =: 1- 4s~ 
9A 

which is measureable in terms of the left-right or the forward-backward asymmetries. 
This fixes the counter term for s~ by 

<5s~ Ce ReE-,z(M~) Ce E-,z(O) 
-2 =- M2 +2- M2 +6.~<e 
Se Se z Se z 

(225) 

with the finite part 6.t<e of the electron-Z vertex correction. The counter terms 
for the other parameters a, Mz are treated as usual. With this input, we obtain 
a renormalized p-parameter and the corresponding counter term for the bare p­
parameter p~ = p + <5p as follows: 

p = 

<5p 

p 

Other derived quantities are: 

• The relation between Mw and G~: 

with 

(226) 

1 
(227) 

1- 6.r 

(228) 
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(229) 

~G M2 [ - L;WW(O)- oMa, os;- 2Se L;~Z(O)- 8 L'l ] 
Y"- " zP 1 M 2 + 2 M 2 VB+ PJ 

W Ce Ce Z 

where L'lpf denotes the finite part of the Zff vertex correction. 

• The effective mixing angles of the Z f f couplings: 

These relations predict the Z boson couplings, Mw and p m terms of the data 
points a, G", 1\fz, s;. By this procedure, the leading m;-dependence of the self 
energy corrections to theoretical predictions is absorbed into the renormalized p­
parameter, leaving a~ logmt/Mz term as an observable effect. For the Zbb-vertex, 
an additional m; dependence is found in the non-universal vertex corrections L'lpb 
and L'l"&· This makes observables containing this vertex the most sensitive top 
indicators in the class of models with Ptree f 1. 

In the minimal Standard Model, the quantity equivalent to (226) can be 
calculated in terms of the data points a, G", Mz and the parameters m, MH. With 
the experimental constraints from Mw in section 5.3 and and s; = 0.2328 ± 0.0007 
from LEP data [1, 4] we obtain 

PSM = 1.0069 ± 0.0040. (230) 

In the extended models we can calculate p from 

1ra 1 
p = ../2G"M~s;c; . 1- L'lr 

(231) 

in terms of the input data a, G"' Mz, s; together with m, and the parameters of 
the Higgs sector. Such a complete calculation, however, does not exist as yet. 
Instead, we can get a value for p from directly using the data on Ma, / M~ and 
s; = 0.2324 ± 0.0011 from forward-backward asymmetries at LEP [1, 4] yielding 

p = 1.0064 ± 0.0069. (232) 

The difference p - PsM can be interpreted as a measure for a deviating tree level 
structure. The data imply that it is compatible with zero. 
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8.3 Extra Z bosons 

The existence of addi tiona! vector bosons is predicted by GUT models based on 
groups bigger than SU(5), like E6 and 50(10), by models with symmetry breaking 
in terms of a strongly interacting sector, and composite scenarios. Typical examples 
of extended gauge symmetries are the SU(2) X U(1) x U(1lx,,v," models following 
from E6 unification, or LR-symmetric models. In the following we consider only 
models with an extra U ( 1). 

The mixing between the mathematical states Zo of the minimal gauge group 
and Z~ of an extra hypercharge form the physical mass eigenstates Z, Z', where the 
lighter Z is identified with the resonance at LEP. The mass eigenstates are obtained 
by a rotation 

Z' -sinOMZo + cosOMZ~ 
with a mixing angle 0 M related to the mass eigenvalues by 

2 M~, - M~ M 2 2 () M2 . 2 () M2 tan ()M = M 2 _ M 2 , z0 = cos M z + sm M Z' • 
Z' Zo 

(233) 

(234) 

M~0 denotes the nominal mass of Z0 • In constrained models with the Higgs fields 
in doublets and singlets only, the usual Standard Model relation holds 

· 2 Mfv sm ew = 1--­M2 
Zo 

between the masses and the mixing angle in the Lagrangian 

£Nc = 92 J~ z~ + 'J~ z' ~ cos()w Zo o g Z~ o 

with 
J M -J~ · 2(} J~ zo- L-Slll W em· 

It is convenient to introduce the quantity 

2 Ma. 2 1 2 
sw = 1 - M2 ' cw = - sw 

z 

(235) 

(236) 

with the physical mass of the lower eigenstate. For small mixing angles ()M we have 
the following relation: 

·2e 2 2" sm w = sw + cw'-"PZ' (237) 
with 

" • 2 (M~, ) upz• = sm ()M M~ - 1 (238) 
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The W mass is obt.,jned from 

M 2 - ?ra 
w- r.; 

v2G~ sin2 llw(1- ~r) 

after the substitution (237): 

M'fv = M1 (1 + .;1 - ?ra ) 
2 ,.fiG~Mlpz' (1 - ~r) 

(239) 

with PZ' = (1 - ~PZ' t'. Formally, PZ' appears as a non-standard tree level p­
parameter. In all present practical applications the radiative correction ~r was 
approximated by the standard model correction. 

The mass mixing has two implications for the NC couplings of the Z boson: 

• ~PZ' contributes to the overall normalization by a factor 

1/2 1 
Pz' ~ 1 + 2~PZ' 

and to the mixing angle by a shift 

2 2 2 A 
Sw --+ Sw + Cw'-'"PZ'. 

Both effects are universal, parametrized by Mz' and the mixing angle liM in 
a model independent way, 

• A non-universal contribution is present as the second term in the vertex 

(Zf f) = cos IIM(Zof f)+ sin IIM(Z~Jf) 

~ (Zoff)+IIM(Z~ff). 

It depends on the classification of the fermions under the extra hypercharge 
and is strongly model dependent. 

Complete 1-loop calculations are not available as yet. The present standard ap­
proach consists in the implementation of the standard model corrections to the Z0 

parts of the coupling constants in terms of the form factors p 1 for the normalization 
and "1 for the effective mixing angles 

2 2 2 
sw--+ s1 = "Jsw. 

In this approaclt the effective Z f f vector and axial vector couplings read: 

vf [,;iG~M~pJ(1 + ~Pz')r/2 [!1- 2QJ(KJS~ + c~~pz,)] 
+ sin liM v~, , 

0 
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Th 't' f f e quanti 1es a Z' Vz, 
0 0 

denote the extra U(l) couplings between the fermion f and 

the z~. 

From an analysis of the electroweak precision data the mixing angle is con­
strained typically to I ()M I< 0.01, not very much dependent on the specification of 
the model [75, 76]. An example is shown in Figure 9. 
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Fig. 9: 90% C.L. contours for mass and mixing angle (03 = ()M) of the extra Z' zn 
the SU(2) x U(l) x U(l)x model, from {76} 
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